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proc nlin ;
R=03;
if m =1 and n =1 then p =r1*r2/(1-R) ;
if m=1 and n =2 then p =r1*(1-r2)/R ;
if m =2 and n =2 then p = (1-r1*r2)/(1-R) ;
if m =2 and n =1 then p =r2*(1-r1)/R ;
r2 = (r-r1)/(1-2*rl) ;
parameters mul=-.1 mu2=.1r1=0to 0.3 by 0.05;
model trait = mul + (mu2-mul)*p ;
bounds -0.3 <mul <0.3;
bounds -0.3 <mu2<0.3;
bounds 0 <r1<0.3;

run ;

Figure 3.2 The SAS code for nonlinear regression interval mapping for
the BC design

multiple traits and markers, which creates further complications.

In Section 3.2 we will consider the desired properties of estimators. In Section 3.3 we
will describe least squared estimation, with focus on nonlinear models. In Section 3.4 we will
describe single parameter maximum likelihood estimation, which is the main techniques that
has been applied to estimate QTL parameters. In Section 3.5 we will discuss the principles
of ML multiparameter estimation. In Section 3.6 we will describe ML models for QTL
parameter estimation in crosses between inbred lines. In Section 3.7 we describe methods to
maximize likelihood functions. In Section 3.8 we will consider more complicated models that
are amenable to solution by ML. In Section 3.9 we will briefly discuss Bayesian QTL
parameter estimation including Gibbs sampling. Finally in Section 3.10 we will consider
methods that have been proposed to deal with repeat records, nuisance effects, and polygenic
variance.

3.2 Desired properties of QTL parameter estimates

For the general question of parameter estimation, there are four main desired properties of
estimators; unbiasedness, minimum estimation error variance, estimates within the parameter
space, and consistency. For simple situations, it is possible to derive estimators with all of
these properties, but for more complicated cases, it will not be possible to obtain estimates
with all the desired properties, and there will be a question of trade-offs. We will now
describe these properties in detail.

Unbiasedness: assume that is an estimator of 6. Then is unbiased if E() = 6, that is the
expectation of the estimator is equal to the parameter value. As an example, in estimating the
variance based on the sample mean we divide by n-1, where n is the sample size. If instead
we divide by n then the estimator will be a biased estimate of the variance.

Minimum estimation error variance is defined as the value of for which: E[( - 8)?] is
minimal. This property is the basis of least squares estimation. The estimator with minimum
estimation error variance is also called the "best" estimate.

Estimates within the parameter space. Although the requirement of estimates within
the parameter space may appear trivial, this is often not the case. In many situations it is not
possible to obtain an estimate that is both unbiased and within the parameter space. Simple
examples of estimators outside the parameter space are negative variance component
estimates, or estimates for recombination frequency less than zero or greater than 0.5.
Maximum likelihood estimates are always within the parameter space by definition.

Consistency: an estimator, , is considered "consistent" if tends to 6 as the sample size
tends toward infinity. An estimator can be consistent even if it is biased. Consider the
example given above of estimating the variance of a sample. If we divide by ninstead of n-1,
the estimator is biased, but consistent; because as n tends to infinity, n tends to n-1.
Although this property also appears trivial, it is especially important for QTL detection.
Consider the example in the previous chapter for a BC or F-2 design. The contrasts between
the marker genotype classes is not a consistent estimator of the contrast between the QTL
genotype means. This estimate is biased by 1-2r regardless of the sample size.




3.3 Least squares estimation of QTL parameters

We will use matrix notation to briefly describe least squares estimation. Vectors and matrices
will be denoted in bold type. Vectors will be denoted by Greek symbols or lower case letters,
matrices by uppercase Latin letters. The transpose of a vector or matrix will be denoted by
an apostrophe.

Assume that there is a series of observations for some variable, y, which we wish to
model in terms of other variables for which data is also available. We will denote y as the
"dependent variable" and the other variables as the "independent variables". The objective is
to "explain" the dependent variable in terms of a series of parameter estimates linking the
dependent variables to the independent variable. That is to derive a function of the
independent variables that approximates the observations for y. Generally it will not be
possible to completely explain y in terms of the dependent variables. The difference between
the estimates of y, based on the independent variables and the parameter estimates is denoted
the "error" or residual of the model.

Least squares estimation is based on deriving the parameter estimates that minimize the
expectation of the sum of squared errors Thus, by definition this method has minimum
estimation error variance. Define 8 = vector of parameters, y = vector of observations, and e
= vector of residuals. y will also be noted the dependent variable. In matrix form a
completely general model can be written as follows:

y=1(6)+e (3.1}

Where f(0') is some function of 8. The least squares solution, , is the vector that minimizes
[y-fO]* = ¢%. For a linear model, equation {3.1} can be written as follows:

y=X0+e {3.2}

where, X is a matrix of coefficients of 0. Effects in linear models can take one of two forms,
class or continuous. Discrete effects such as a specific herd, block, or sex are denoted "class
effects". Although the levels of these effects can be numbered, there is no relationship
between the number of a specific herd and effect associated with it. For continuous effects a
linear relationship is assumed between the value for the independent variable and the
dependent variable. Each row of X corresponds to the coefficients of © for a specific record
iny. For class effects the elements in X will be either zero or one. For continuous effects,
each element in X corresponds to the observed value for the independent variable. For
the linear model it is easy to demonstrate that the least square solution for can be derived
from the normal equations: 8 = (X'X)'X'y. For a linear model the parameter estimates will
also be unbiased, consistent, and within the parameter space. If'y is not a linear function of 6,
then the least squares solution can generally not be derived analytically, although various

iterative methods have been developed. Only effects on the mean of y are included in the
model, thus effects on the variance of'y or higher order moments cannot not be estimated by
least squares.

As demonstrated in the previous chapter, the genotype means and variances, and
recombination frequencies cannot be described by a linear model of the trait values.
Furthermore, as noted in the previous chapter, within the context of least squares estimation,
genotype means and the recombination frequency between a QTL and asingle marker are
completely confounded and cannot be estimated separately. With two markers flanking a
QTL it is possible to derive separate estimates of genotype means and recombination
frequencies, but it is not possible to construct a linear model that accurately describes the
relationship between the observations and the QTL parameters, as will be explained below.

The nonlinear least square method of QTL parameter estimation with two flanking
markers was developed independently in 1992 by Haley and Knott and Martinez and
Curnow. We will illustrate the method using the BC design, although the method has been
adapted to most of the designs considered in the previous chapter. The BC design with two
flanking markers is illustrated in Figure 3.1. For the BC progeny only the chromosome from
the F-1 parent is shown. There are eight possible gametic haplotypes (including the QTL);
two nonrecombinants, four single recombinants, and two double recombinants.
Recombination frequency between the two markers, M and N will be denoted R.
Recombination frequencies between M and Q and Q and N will be denoted r; and r,,
respectively. Zero interference will be assumed, thus R =1, + 1, - 2rjr,. The following model
can then be defined:

Yy = i (1-pi) + Hopi + ¢ {3.3}

where Yj; is the production record of the jt individual with marker genotype i, |, is the mean
for individuals with genotype Q;Q,, I, is the mean for individuals with genotype Q,Q,, p; is
the probability that an individual with marker genotype i has genotype Q,Q,, e; is the
residual, and the other terms are as defined previously. This model can be simplified as
follows:

Yij = i + (a-Hpi + € {3.3a}

p; is a function of the recombination parameters, and can be estimated for each of the four
marker haplotypes as follows:

Pmint = I112/(1-R) {3.4}
Pminz = 11(1-12)/R {3.5}
Pm2nt = Ta(1-1)/R {3.6}

Pman2 = 1 - 1i1/(1-R) 3.7}




If r; was known, it would be possible to substitute these values into equation {3.3a}, and
then solve as a simple linear regression, with [, as the y-intercept and H,-p; and the slope.
Since r; is not known, equation {3.3a} can be considered as four separate equations, one for
each marker haplotype. Although assuming zero interference, it is possible to solve for p in
terms of R, which is assumed known, and r;, we are left with four equations which are
complicated functions of the QTL means and r;. Thus this model is nonlinear in r;. The least
squares solution for all three parameters will be the values that minimize the residual sum of
squares. This model readily can be solved by a nonlinear least squares algorithm, such as
PROC NLIN of SAS (SAS, 1988). The SAS code is given in Figure 3.2.

The main advantages of this method are that it can be performed by more statistical
packages, and significance of the QTL effect can betested by an F-test of the model mean
squares against the residual mean squares, which is more familiar to most researchers than a
likelihood ratio test. The disadvantage of this method is that it is applicable only in certain
situations. It cannot be applied to estimate recombination frequency between a QTL and a
single marker, used to estimate QTL variance effects, or applied to segregating populations.
All of these questions have been addressed by ML (Weller, 1986; Bovenhuis and Weller,
1994).

3.4 Maximum likelihood estimation for a single parameter

Maximum likelihood (ML) is much more flexible than least squares estimation, but requires
rather complex programming, except for models which can be analyzed by available software,
such as program LE of BMDP (Elkind et al., 1994). There are three steps in ML parameter
estimation:

1. Defining the assumptions on which the statistical model is based. In addition to the
"usual" assumptions listed above, zero crossing-over interference between the segments M Q
and QN is assumed.

2. Constructing the likelihood function, which is the joint density of the observations
conditional on the parameters.

3. Maximizing the likelihood function with respect to the parameters.

Since ML estimation is less familiar than least squares, the basic methodology for ML
estimation of a single parameter will be illustrated using an example from a binomial
distribution. Assume that from a sample of ten observations, three are "successes" and the
other seven are "failures". We wish to derive the ML estimate (MLE) of p, the probability of
success. This is done by writing the binomial probability of obtaining this result as a function
of p:

L =10 (p)’(1-p)’ {3.8}
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where L is the probability of obtaining this result, conditional on p. L is denoted the
likelihood function. The MLE for p is that value of p which maximizes L. The MLE is
computed by differentiating L with respect to p, and solving for p with this derivative set
equal to zero. In practice it is usually easier to compute and differentiate the log of L. This is
equivalent to differentiating L, since a function and its log will have maximum value for the
same variable value. It is thus possible to derive the MLE of p as follows:

Log L =1og(10!) - log(3!7!) + 3(log p) + 7[log(1-p)] {3.9}
d(Log L)/dp=3/p-7/(1-p)=0 {3.10}
p=3/10 {3.11}

This is of course the proportion of successes derived in the sample. Thus, for this simple
case, the MLE is the intuitive estimate value. From the above discussion, it should be clear
why MLE must lie within the parameter space. A parameter estimate outside the parameter
space will by definition have a likelihood of zero, and can therefore not be the MLE.

For a continuous distribution, the likelihood is computed as the statistical density of the
distribution, conditional on the sample. Statistical density, f(y) ,for a continuous variable, y,
is defined as the ordinate of the distribution function for a given value of y. For example,
assume that a sample was taken from a normal distribution. To obtain the MLE for the mean,
it is necessary to compute the joint statistical density of the sample. For a single observation
the likelihood will be:

o N2/ 52
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L= (3.12}
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where 0 is the standard deviation, e is the base for natural logarithms and is approximately
equal to 2.72, p is the mean, and y is the variable value. For a sample of N observations, the
likelihood will be the product of the likelihoods for each individual observation. As in the
previous case, the MLE for 4 can be derived by taking the derivative of the log of the
likelihood, with respect to the mean, and setting this function equal to zero. The derivative of
log L for a sample from a normal distribution is computed as follows:

d(Log Ly/du =2 (yi - W) {3.13}
Setting this function equal to zero, we find that the MLE of the population mean is the

sample mean, which is again the intuitively correct result.
The MLE for the variance could be derived in the same manner, and would again yield the




intuitive result of the sample variance. Although in the two examples given so far, ML has
been used to derive estimates that could have been derived by other methods, it will be
demonstrated below that for more complicated problems, ML is the only method of
estimation that can utilize all the available data.

3.5 Maximum likelihood multi-parameter estimation

ML can also be used to estimate several parameters simultaneously, for example, to estimate
both the mean and variance in a normal distribution. In that case it is necessary to maximize
the likelihood with respect to both parameters. This can be done by taking the partial
derivatives of the log likelihood with respect to each parameters, and setting each derivative
equal to zero. It is then necessary to solve a system of equations equal to the number of
parameters being estimated. In general the likelihood function for estimation of m parameters,
(81, 6,,..., By), from a sample of n observations (yy, ya,..., Yn) can be written as follows:

L =p(¥15 Y20 YulO1; 02,...81) =
=p(y1l81, 8,,...8)p(y2161, 62,...61)...p(ynl61, 62,...61m) {3.14}
=1 p(yil61, 6,,...6,)

Where p(y|0) represents the probability of obtaining y, conditional on 6, and IM signifies the
product p(yi|6;, 6s,...6,) from y; through y,. If the distribution is continuous, then p(y|0)
will be replaced by f(y|0), i. e., the density of y, conditional on 6. Thus any problem that can
be phrased in terms of equation {3.15} can be solved by ML.

3.6 Prediction error variances for MLE

In addition to deriving parameter estimates, it is also important to know how accurate the
estimates are. Generally the standard error of the estimate is used for this purpose. The
square of the standard error is denoted the prediction error variance. The following equation
can generally be used to derive the prediction error variance for MLE of a single parameter:
-1
Var ()= ——— {3.15}
E[d*(log L)/d6?]

Where is the MLE of 8, and E[d*(log L)/d8?] is the expectation of the second derivative of L
with respect to 8. Equation {3.15} will be correct if the first derivative of 0 is a multiple of
the difference between the true parameter value and its estimate. Otherwise the prediction
error variance will be slightly greater than the right-hand-side of equation {3.15}. Under a

wide range of conditions, equation {3.15} will be asymptotically correct; that is, as the
sample size increases the difference between the left-hand and right-hand sides of the equation
tends towards zero. The square root of the prediction error variance, the standard error of the
estimate, can be used to determine the confidence interval of the estimate.

The prediction error variances for the multi-parameter estimation problem can be derived
in a manner parallel to that described in equation {3.14}. The parameter estimates and the
first derivatives will each consist of a vector with the number of elements equal to m. The
second derivatives and the prediction error variances will both be square m by m matrices.
Using brackets to denote matrices and vectors, the matrix of prediction error variances can be
computed with the following equations:

[ #ogL|-1
| | (3.16}
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Where the right-hand-side is the inverse of the matrix of second partial derivatives with
respect to [0]. The diagonal elements will be the prediction error variances of the estimates,

Var [] = -

and the off-diagonal elements will be the prediction error-covariances between the elements.
These are needed to test hypotheses based on linear functions of the parameters.

Even if the prediction error variance is not computed, ML can still be used to test
hypothesis, by a "likelihood ratio test". In a likelihood ratio test the maximum likelihoods
obtained under two alternative hypotheses are compared. In the null hypothesis, one or more
of the parameters that are maximized inthe alternative hypothesis are fixed. For example
setting a mean equal to zero. Provided that the null hypothesis is "nested" within the
alternative hypothesis, under the assumption of no difference, the natural log of the likelihood
ratio will be asymptotically distributed as: (-1/2)x? where X* is the Chi-squared statistic.
By "nested" hypothesis we mean that, although some parameters that are fixed inthe null
hypothesis are maximized inthe alternative hypothesis, all parameters that are fixed in the
alternative hypothesis are also fixed in the null hypothesis. The number of degrees of
freedom will be equal to the number of parameters that are maximized inthe alternative
hypothesis, but fixed in the null hypothesis.

Although it is generally possible to write the likelihood function, and differentiate log L
with respect to the different parameters, for QTL detection models it will not be possible to
derive analytical solutions to the resultant system of equations. Iterative methods to derive
solutions will be described below.

3.7 Maximum likelihood QTL parameter estimation for crosses between inbred lines
and a single marker

We will illustrate ML first for the BC design and a single QTL linked to a single genetic, as
illustrated in Figure 3.1. We will assume that the quantitative trait has a normal distribution
and that the two QTL genotypes have equal variances. As will be seen below, ML is a much




more flexible technique than least squares, and can handle many situations in which these
assumptions do not hold. The statistical density function for a single individual of genotype
MM, will be:
21552 21552
-(y-H1)7/20 -(y-lp) /20
C-%o\ H1) 3%\ H)
fly) = + {3.17}

V2na V2na

Where y is the trait value, 0 is the standard deviation, [, is the mean of individuals with the
Q;Q, genotype, and |, is the mean of individuals with the Q,Q, genotype. Individuals with
the M,M, genotype will have the same likelihood, except that the QTL mean values will be
reversed. The complete likelihood for a sample of individuals can be written as follows:

n np
L =T [f{yuMiM)] 1 [f(y;,M2M,)] {3.18}

where I represents the product of a series, f(y;,M;M,) and f(y;,M,M,) are the statistical
densities for i and j™ observations with genotypes M ;M, and M,M,, respectively; and n,
and n, are the number of individuals with the two genotypes, respectively.

To obtain the ML parameter estimates, the log of this function must be differentiated
with respect to four parameters, [, lp, O, and r. The partial derivatives must then be equated
to zero, and this system of four equations must be solved. This system of equations can not
be solved analytically. Iterative methods to derive solutions will be described below.

Linkage of the genetic marker to a segregating QTL can be tested by comparing the
likelihood in equation {3.18} at convergence to the maximum likelihood obtained with r fixed
to 0.5, i. e., no linkage between the QTL and the genetic marker. As note about, under the
null hypothesis of no linkage, with one parameter fixed, the ratio of the natural log of the
likelihood ratio will be asymptotically distributed as: (-1/2)x% where X* is the Chi-squared
statistic with one degree of freedom.

Alternatively, equation {3.17} can be readily modified so that a different residual vaiance
is assumed for each QTL genotype. In this case it is necessary to estimate five parameters,
instead of four. The hypothesis of heterogenous variance can also be tested against the null
hypothesis of homogenous variance by the log likelihood ratio of the heterogenous and
homogenous variance maximum likelihoods.

For the F-2 design described in Figure 2.2, each genotype will consist of a mixture of three
normal distributions for the two QTL homozygotes and the QTL heterozygote. The
probabilities of each of the three QTL genotypes within each marker genotype are given in
Table 2.2. Thus, it will be necessary to estimate at least five parameters, the three QTL
means, 1, and the residual variance. This model can also be modified so that a separate
residual variance is assumed for each QTL genotype. In this case is necessary to estimate
seven parameters; three means, three variances, and r (Weller, 1986). These examples give
some indication of the flexibility of ML estimation

3.8 Maximum likelihood QTL parameter estimation for crosses between inbred lines
and two flanking markers

The likelihood function for the BC design with two flanking markers is described as
follows (Lander and Botstein, 1989):

NviNe Ominz Ovant Dvone

L= _I_ frmi _I_ fuvine _I_ fymani _I_ fyanz {3.19}

where nyini, Nving, Dvant Dviene are the number of individuals with genotypes M N{/M;N,,
Z-ZN\ZNZT ZNZ_\ZNZ? and w/\—NH/HN\H/\HNH/HNv H.Om@OOﬁT\O_%u and m,\:ZT m,\:ZNv MSNZT and A,ZNZN
are the density functions for the four possible marker genotypes. Since all individuals
received an mn chromosomal segment from the recurrent parent, only the chromosomal
segment received from the F-1 is indicated. The density functions for the possible marker
genotypes are computed as follows:

fuin = (1-00f(Q)) + af(Qy) {3.20}
fyine = (1-BH(Qy) + Bf(Q2) {3.21}
fyont = (1-B)f(Q2) + B(Q1) {3.22}
fvanz = (1-0)f(Q2) + af(Qy) {3.23}

where o = rjrp/(1-R), B =r;(1-12)/R, and f(Q,) and f(Q,) are the normal density functions for
each observation with standard deviations of 0, and means of y; for the Q;Q, genotype and
M, for the Q,Q, genotype. Thus, the likelihood can be computed by calculating the
appropriate density function for each individual, depending on its marker genotype, and
multiplying. As for the nonlinear regression model in Section 3.3, zero interference will be
assumed, thus R = + r, - 21y, and it is necessary to derive ML estimates for only four
parameters, 1y, O, K, and ;.

3.9 Methods to maximize likelihood functions

Numerous iterative methods have been proposed to maximize multiparameter likelihood
function. The initial solutions for all methods are selected arbitrary. These methods will be
compared based on ease of application, speed of convergence, and probability of convergence.
Of all the methods that will be considered below, only expectation-maximization (EM) is
guaranteed to converge to a maximum, provided a maximum exists within the parameter space.




However, even for EM, the convergence point is a only a local maximum. It is possible that

another set of solutions yield the global likelihood maximum. Generally the problem of
multiple maxima is addressed by iterating from several different sets of initial values. If all
runs converge to the same parameter estimates, then it is likely, but not certain, that this
parameter set is a global maximum.

Iterative maximization methods be divided into derivative free methods, methods based on
computation of first derivatives, and methods based on computation of second derivatives.
For all derivative based methods, the parameter estimates of the i iterate are computed by
solving a system of equations equal in number to the number of parameters being estimated.
These reduced equations are themselves functions of the parameter estimates from the
previous iteration. Thus, it is necessary to continue iteration until changes between rounds
fall below a sufficiently small value. Convergence is generally most rapid for second
derivative methods, but convergence is not guaranteed, even if there is a maximum within the
parameter space. We will consider first derivative-free methods, then methods based on
computation of second derivatives, and finally methods based of computation of first
derivatives.

Derivative free methods: Several general purpose algorithms that find the maximum of a
function without computing derivatives have been devised. These methods are available in
many software packages, and can be applied to virtually any continuous function. Derivative
free methods tend to be inefficient for large samples or many parameters, and are not
guaranteed to converge.

Second derivative based methods: In Newton-Raphson (Dahlquist and Bjorck, 1974),
both the first derivatives and the matrix of second derivatives are computed analytically.
Solutions for the i round of iteration are computed by solving the following system of
equations:

_I
a(log L) _mw_om_._.“_.
[ =0 - | — {3.24)
oLel_ | A& |

Where [;] is the estimate of © for the i iterate, [;.,] is the previous estimate of [8], and the
other terms are as defined above, with derivatives computed for the i-1 estimate of [8].  The
main advantage of Newton-Raphson is that convergence is generally rapid. The disadvantages
are that the algorithm may not converge, even if the likelihood does have a maximum within
the parameter space, and computation of the matrix of second derivatives is often a non-trivial
task. This problem is alleviated somewhat if Fisher's method of scoring (Bailey, 1961) is
used instead of Newton-Raphson. In this method numerical methods are used to estimate the
differentials (Jensen, 1989). Thus, the algebra issimplified somewhat, but there is some
sacrifice in both efficiency, in terms of computing time, and the accuracy of the estimates and
the prediction error variances. However, as shown above, this matrix can be used to derive
estimates of the standard errors of the estimates, which is itself an important objective.

First derivative based methods (EM): Expectation-maximization (EM) is based on
computation of first derivatives. EM is generally considered the method of choice, because it

is guaranteed to converge to a maximum, provided that one exists within the parameter space.
The rate of convergence, however, may be very slow. The principle behind EM is to
consider two sampling densities, one based on the complete-data specification (unknown),
and the second based on the incomplete-data specification (known).

The EM algorithm consists of two steps: the estimation step, in which the "sufficient
statistics" are estimated for the complete-data density function; and the maximization step, in
which this function is maximized with respect to the parameters. Lander and Botstein (1989)
employed a partial EM algorithm that solved for QTL means and variances for a fixed
recombination frequency. This procedure was then repeated for a range of recombination
values to obtain the r value which resulted in ML.

Jansen (1992) derived complete EM equations, which are suitable for a wide range of
QTL models. For each individual i, the likelihood function can be written as f(y;,m;), where y;
and m; are the quantitative trait value and marker genotype for individual i. The joint
likelihood over all individuals will be Mf(y;,m;) as given above. By the general product rule of
probability:

I I 1
L = Nf(y;,m;) = Np(m;) Mf(yim;) {3.25}

where I = total number of individuals, p(m;) = probability of genotype m, and f(yjm;) =
density of the trait value given the marker genotype for individual i. Setting the log of L to
Zero gives:

O(logL) T 9[logp(ml)] T Oflog f(yijm;)]
0= -z +3 {3.26}
00 0 0

After algebra equation {3.26} can be expressed as follows:

d(logl) IQ Oflog p(qmy)]  1Q 0[log f(yilq)]
0=——= 2 2 p(qlyi,m;) ——— + X X p(qly;,m) ——— {3.27}
00 00 00

Where:
Q = the total number of QTL genotypes
p(qm;) = probability of QTL genotype q conditional on marker genotype m;.
f(yilq) = density of trait value y; conditional on QTL genotype q.
p(qly;,;m;) = probability of QTL genotype q conditional on trait value y; and marker genotype
m;.

The differential in first expression on the right-hand sire of equation {3.27} is only a
function of the recombination parameters r or 1, and the differential in the second expression
is only a function of QTL genotype means and variances. Using the values of p(q|y;,m;) from




the current iteration, solutions can be derived for the parameters by setting each term equal to
zero. In many of the designs considered, these equations can now be easily solved for the
current values of p(qly;,m;). The "estimation" step consists of computing p(q|y;,m;) using the
current values of 6. for each individual. For example, for the BC design and a single marker,
p(q=Q1]y;,m;) for the M;M, genotype is computed as follows:

o.Qm-t._ Y26’

P(@=Qilyim;) QTR T TR {328}
(1-ne + (e

p(q=Q,ly;,m;) is similarly computed with [, in the numerator instead of p;. Thus the sum of
p(q=Qa]y;,;m;) and p(q=Q,|y;,;m;) of each individual are equal to unity, and these can be
considered weighting factors for the differentials in equation {3.27}.

The maximization step consists of solving equation {3.27}. The first term is a weighted
non-linear regression, and is a function only of the recombination parameter (r). For the BC
design, log [p(q|my)] is equal to either log r or log (1-r), with derivatives of 1/r or -1/(1-r),
respectively. The second term is a weighted linear regression, and is only a function of QTL
means and variances. For the BC design, assuming a normal distribution, the QTL means and
variances can be estimated as the trait means and variances weighted by p(qly;,m;) for each
combination of individual by genotype. Other "nuisance" factors, such as block or herd can
readily be incorporated as part of the second term, which can be solved as a general linear
model for traits with a normal distribution.

With marker brackets the first term is somewhat more complicated, but will still be a
function of only a single parameter, r;, assuming zero interference, and that R is known. This
method can also be readily applied to analyze multiple brackets. Algorithms are described in
Jansen (1992). This method can also be applied even if the within-QTL genotype
distribution of the quantitative trait is not normal, provided it is possible to compute the
differential of log f(y;|q), as will be described below for the case of discrete traits.

3.10 Analysis of more complicated models by maximum likelihood

We will consider briefly several more complex models that are amenable to solution by ML.
Mackinnon and Weller (1995) used ML to estimate QTL parameters for the daughter design,
under the assumption that only two QTL alleles were segregating in the population. In
addition to the parameters given above for the BC design, it is also necessary to solve for the
relative frequency of the two QTL alleles. The likelihood for the model of Mackinnon and
Weller (1995) is as follows:

K4 3 L 3

L= _I_ MF\_I_ _I_ M Gy f(Yia- 1) {3.29}

k=1 v=1 =1 =1 j=1

Where K is the number of sires, P, is the probability of sire QTL genotype v, cj, is the
probability of progeny QTL genotype j conditional on the combination of sire QTL genotype
v and progeny marker genotype i, L; is the number of daughters with marker genotype i, Xy is
the trait value for progeny 1 of sire k, with marker genotype i, |; is the mean for progeny QTL
genotype j, and f(Yium - Hj), the normal density function for progeny m of sire k, conditional
on QTL genotype j. Mackinnon and Weller (1995) assumed that only two QTL alleles were
segregating in the population, and all sires are heterozygous for the genetic marker. They
further assumed that only sires heterozygous for the genetic marker were included in the
analysis. Thus, four sire genotypes are determined with respect to the QTL and the genetic
marker; homozygotes Q;Q; and Q,Q,, the heterozygote with Q; linked to M;, and the
heterozygote with Q, linked to M,. P, can be computed assuming a Hardy-Weinberg
distribution of genotypes. It is necessary to define only three marker genotype classes for
the progeny; those that receive M, but not M,, those that receive M,, but not M, and those
that receive both paternal alleles. Formula for ¢, are given in Mackinnon and Weller (1995).
For progeny with the paternal marker genotype, it is not known which allele was received
from the sire, and which allele was received from the dam. Thus c;j, is a function of marker
allele frequency among the dams. Assuming that QTL genotype does not affect the variance,
it is necessary to estimate six parameters, the three QTL genotype means, the residual
variance, recombination frequency between the marker and the QTL, and the frequency of the
Q; allele. With large samples, reasonable estimates can be derived for all parameters
(Mackinnon and Weller, 1995).

Mackinnon and Weller (1995) modified this model to include a polygenic sire effect. In
this case the normal density function becomes f(yium - H; - g), where g is the polygenic effect
of sire k on his daughters. This increases the number of parameters that must be estimated by
the number of sires. Bovenhuis and Weller (1994) modified this model to include a direct
effect of the marker genotype in addition to a linked QTL.

Several studies have derived ML formula for the granddaughter design. Most following
Hoeschele and VanRaden (1993a) have analyzed the sons' Daughter Yield Deviations (DYD)
rather than the individual granddaughter production records. DYD are the daughter record
means of each son adjusted for systematic environmental effects and merits of mates. The
advisability of this will be discussed below. Hackett and Weller (1995) derived an ML model
suitable for categorical traits. They assumed a threshold model with an underlying normal
distribution, and solved using the method of Jansen (1992).

3.11 Bayesian estimation of QTL effects and Gibbs sampling

Bayesian estimation differs from ML in that instead of maximizing the likelihood function,
the "posterior probability" of 6, p(6]y) is maximized as a function of the likelihood function
and the prior distribution of 8. Bayes theorem in general terms for multiple parameters and
observations is computed as follows:




p(61, 82,...8mly1, Y2,---¥n) = P(O1, 02,...60)P(Y15 Y2.---¥ulO1, 82,...81) {3.30}

Where p(0,, 6,,...6,,) is the "prior probability" of the parameters, and p(y, Y2,..-yul61,
0,,...8,) is the likelihood function. Assuming that prior information of the parameters is
available, Bayesian estimation, which makes use of this information should be preferable to
ML, which ignores any prior information on the parameters. There are two major drawbacks
to Bayesian estimation. First, prior information on the parameters is often vague, and it is
not possible to mathematically represent this information without additional assumptions
which may not be true. Second, if many records are included inthe analysis, then the
likelihood function tends to "overwhelm" the prior distribution of 6, and the Bayesian
estimates tend to the ML estimates. Since in nearly all cases of QTL estimation, the sample
sizes will be quite large, little is to be gained by Bayesian parameter estimation. Hoeschele
and VanRanden (1993) derived a prior distribution of parameters and the likelihood function
for a granddaughter design analysis. They assumed a prior exponential distribution of QTL
effects, with an imposed lower limit on the magnitude of QTL effect. They further assumed
only two alleles for each QTL segregating in the population, and a uniform distribution of
allele frequencies over the complete range of zero to unity. Given the distribution of QTL
effects and allele frequencies, and the total additive genetic variance, they estimated the
expected number of detectable QTL. Distribution of these QTL throughout the genome was
assumed uniform. The Bayesian and ML analyses gave very similar results, and both were
quite close to the simulated values (Hoeschele and VanRanden, 1993a).

In Gibbs sampling, a value is generated for each unknown parameter and missing data
point from its distribution conditional on the observed data and on all other sampled values.
After many repeat samples empirical posterior distributions of the parameters are derived,
which can beused to estimate parameter values and confidence limits. Generally very large
samples, on the order of 10,000, are required to obtain results that are independent of the
starting values (Hoeschele, 1994).

3.12 Repeat records, nuisance effects, and polygenic variance

As noted previously, in the analysis of most experimental data, and all field data it will be
necessary to account for systematic environmental effects and other "nuisance" effects, such
as age or sex. In addition individuals may have multiple records which are partially correlated.
Finally, for models with complicated pedigree structure, such as daughter or granddaughter
designs, individuals with common marker genotypes can also have a common polygenic
component of variance. In the previous chapter, we discussed the model of Fernando and
Grossman (1989) that can potentially handle all of these factors, but has several significant
deficiencies. Thus, alternative methods have been proposed.

For the granddaughter design, which includes all of these problems, several studies have
suggested analyzing either estimate breeding values (EBV) (Andersson-Elkund and Rendel,
1990, Cowan et al., 1992) or DYD (Hoeschele and vanRaden, 1993) based on mixed models
that include repeat records and fixed nuisance effects. The EBV or DYD are then analyzed by

a linear model including only the effects associated directly with the genetic markers. EBV
derived from a mixed model will be regressed, and therefore estimates of QTL effects derived
as described will be biased. In addition, the variances of either BV or DYD will be a function
of the quantity of information on the son. Thus, these studies have proposed to weight the
evaluations by some function of their reliabilities. In the mixed model equations the
coefficient matrix is multiplied by the inverse of the residual variance matrix. Therefore, for
DYD, for which the variance decreases as the number of daughters increases, weighting by the
repeatabilities is approximately correct. However, for mixed model EBV, which increase in
variance as the number of progeny increases, the effect of weighting by the repeatability has
the opposite effect desired. Sons with few daughters are multiplied by a smaller factor, even
though their variance is less. Furthermore, our results, based on simulated data, indicate that
QTL effects derived by analysis of DYD also underestimate the simulated effects.

Other alternatives have also been considered, for example iterative solution of polygenic
effects as progeny means after correction for QTL effects (Mackinnon and Weller, 1995). In
this model the sire polygenic effect was assumed to be fixed. If polygenic effects are assumed
random, then the correct solution for maximum likelihood estimation is to integrate the
likelihood function with respect to these effects (Elsen et al, 1988). This, of course,
tremendously complicates maximizing the likelihood, especially if the number of polygenic
effects that must be estimated is large. Approximate integration has also been proposed and
tested on simulated full sib data (Knott and Haley, 1992). At present there is no completely
satisfactory method for QTL parameter estimation of complex pedigrees.

3.13 Summary

In this chapter we considered various methods for QTL parameter estimation, emphasizing
maximum likelihood, which although not trivial to applied, can be applied to many models
which are not amenable to solution by other methods. A number of recent studies have
proposed nonlinear least square models and Bayesian methods as alternative. Least square
models give nearly identical results to ML, but are much more limited as to possibilities of
model specification.  Application of Bayesian methodology requires rather specific
knowledge about the prior distribution of QTL effects, which is generally lacking. There is no
complete satisfactory method at present for analysis of QTL data from large complex
families, such as commercial dairy cattle populations.
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