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3. 
Statistical 

m
ethods 

for 
Q

T
L

detection and param
eter estim

ation.

3.1 Introduction

T
he m

ain param
eters that w

ill be considered are
m

eans and variances of Q
T

L
 

genotypes, and
recom

bination frequencies betw
een the genetic

m
arkers 

and 
the 

Q
T

L
. 

 
From

 
the 

previous
chapter 

it 
should 

already 
be 

clear 
that

estim
ation of Q

T
L

 param
eters is not trivial. 

T
he first problem

 encountered is that in nearly
all cases of interest the variance 

due 
to 

the
segregating Q

T
L

 w
ill be only a sm

all fraction of
the total variance.  A

lso, since w
e w

ill generally
 be dealing w

ith field data there w
ill usually be

confounding "nuisance" variables, such as herd
or block.  Param

eter estim
ates m

ay be biased if
these factors are not included in the 

analysis
m

odel.  A
s considered in detail in the previous

chapter, linkage betw
een the genetic 

m
arkers

and 
Q

T
L

 
w

ill 
be 

incom
plete. 

 
T

hus,
recom

bination frequency m
ust be included in

the 
analysis, 

and 
consequently 

the 
analysis

m
odel 

w
ill 

not 
be 

a linear 
function 

of 
the

param
eters.  In the analysis of segregating populations it is also necessary to account for

polygenic variance not linked to the genetic m
arkers.  Finally, m

ost analyses w
ill include
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proc nlin ;
    R

 = 0.3 ;
    if m

 =
 1 and n =

 1 then p =
 r1*r2/(1-R

) ;
    if m

 =
 1 and n =

 2 then p =
 r1*(1-r2)/R

 ;
    if m

 =
 2 and n =

 2 then p =
 (1-r1*r2)/(1-R

) ;
    if m

 =
 2 and n =

 1 then p =
 r2*(1-r1)/R

 ;
    r2 = (r-r1)/(1-2*r1) ;
    param

eters m
u1=

 -.1 m
u2 =

 .1 r1 =
 0 to 0.3 by 0.05 ;

    m
odel trait =

 m
u1 +

 (m
u2-m

u1)*p ;
    bounds -0.3 <

 m
u1 <

 0.3 ;
    bounds -0.3 <

 m
u2 <

 0.3 ;
    bounds 0 <

 r1 <
 0.3 ;

run ;

F
igure 3.2  T

he SA
S code for nonlinear regression interval m

apping for
the B

C
 design

m
ultiple traits and m

arkers, w
hich creates further com

plications. 
In Section 3.2 w

e w
ill consider the desired properties of estim

ators.  In Section 3.3 
w

e
w

ill describe least squared estim
ation, w

ith focus on nonlinear m
odels.  In Section 3.4 w

e w
ill

describe single param
eter m

axim
um

 likelihood estim
ation, w

hich is the m
ain techniques that

has been applied to estim
ate Q

T
L

 param
eters.  In Section 3.5 w

e w
ill discuss the principles

of M
L

 m
ultiparam

eter estim
ation.  In Section 3.6 

w
e w

ill describe M
L

 
m

odels for 
Q

T
L

param
eter estim

ation in crosses betw
een inbred lines.  In Section 3.7 w

e describe m
ethods to

m
axim

ize likelihood functions.  In Section 3.8 w
e w

ill consider m
ore com

plicated m
odels that

are am
enable to solution by M

L
. 

 In Section 3.9 
w

e w
ill briefly discuss B

ayesian Q
T

L
param

eter estim
ation including G

ibbs sam
pling.  Finally in Section 3.10 w

e w
ill consider

m
ethods that have been proposed to deal w

ith repeat records, nuisance effects, and polygenic
variance.

3.2 D
esired properties of Q

T
L

 param
eter estim

ates

For the general question of param
eter estim

ation, there are four m
ain desired properties of

estim
ators; unbiasedness, m

inim
um

 estim
ation error variance, estim

ates w
ithin the param

eter
space, and consistency.  For sim

ple situations, it is possible to derive estim
ators w

ith all of
these properties, but for m

ore com
plicated cases, it w

ill not be possible to obtain estim
ates

w
ith all the desired properties, and there w

ill be a question of trade-offs.  W
e w

ill now
describe these properties in detail. 

U
nbiasedness: assum

e that  is an estim
ator of θ. T

hen  is unbiased if E
() =

 θ, that is the
expectation of the estim

ator is equal to the param
eter value.  A

s an exam
ple, in estim

ating the
variance based on the sam

ple m
ean w

e divide by n-1, w
here n is the sam

ple size.  If instead
w

e divide by n then the estim
ator w

ill be a biased estim
ate of the variance. 

M
inim

um
 estim

ation error variance is defined as the value of  for w
hich: E

[( - θ) 2] is
m

inim
al.  T

his property is the basis of least squares estim
ation.  T

he estim
ator w

ith m
inim

um
estim

ation error variance is also called the "best" estim
ate.

E
stim

ates w
ithin the param

eter space.  A
lthough the requirem

ent of estim
ates w

ithin
the param

eter space m
ay appear trivial, this is often not the case.  In m

any situations it is not
possible to obtain an estim

ate that is both unbiased and w
ithin the param

eter space.  Sim
ple

exam
ples 

of 
estim

ators 
outside 

the 
param

eter 
space 

are 
negative 

variance com
ponent

estim
ates, or estim

ates for recom
bination frequency less than 

zero 
or greater 

than 
0.5.

M
axim

um
 likelihood estim

ates are alw
ays w

ithin the param
eter space by definition.

C
onsistency: an estim

ator, , is considered "consistent" if  tends to θ as the sam
ple size

tends tow
ard infinity.  A

n estim
ator can 

be consistent even if it is biased.  C
onsider the

exam
ple given above of estim

ating the variance of a sam
ple.  If w

e divide by n instead of n-1,
the estim

ator is biased, but 
consistent; because as n tends to infinity, n tends to n-1. 

A
lthough this property also appears trivial, it is especially im

portant for Q
T

L
 detection. 

C
onsider the exam

ple in the previous chapter for a B
C

 or F-2 design.  T
he contrasts betw

een
the m

arker genotype classes is not a consistent estim
ator of the contrast betw

een the Q
T

L
genotype m

eans.  T
his estim

ate is biased by 1-2r regardless of the sam
ple size.



3.3 L
east squares estim

ation of Q
T

L
 param

eters

W
e w

ill use m
atrix notation to briefly describe least squares estim

ation.  V
ectors and m

atrices
w

ill be denoted in bold type.  V
ectors w

ill be denoted by G
reek sym

bols or low
er case letters,

m
atrices by uppercase L

atin letters.  T
he transpose of a vector or m

atrix w
ill be denoted b

y
an apostrophe. 

A
ssum

e that there is a series of observations for som
e variable, y, w

hich w
e w

ish to
m

odel in term
s of other variables for w

hich data is also available.  W
e w

ill denote y as the
"dependent variable" and the other variables as the "independent variables".  T

he objective is
to "explain" the dependent variable in term

s of a series of param
eter estim

ates linking the
dependent variables to the 

independent variable. 
 T

hat 
is 

to 
derive 

a 
function 

of 
the

independent variables that approxim
ates the observations for y. 

G
enerally it w

ill not 
be

possible to com
pletely explain y in term

s of the dependent variables.  T
he difference betw

een
the estim

ates of y, based on the independent variables and the param
eter estim

ates is denoted
the "error" or residual of the m

odel. 
L

east squares estim
ation is based on deriving the param

eter estim
ates that m

inim
ize the

expectation of the sum
 of squared errors  T

hus, by definition this m
ethod has m

inim
um

estim
ation error variance.  D

efine θ = vector of param
eters, y =

 vector of observations, and e
= vector of residuals. y w

ill also be noted the dependent variable.   In 
m

atrix form
 

a
com

pletely general m
odel can be w

ritten as follow
s:

y =
 f(θ') +

 e
{3.1}

W
here  f(θ') is som

e function of θ.  T
he least squares solution, , is the vector that m

inim
izes

[y-f()] 2 = e
2.  For a linear m

odel, equation {3.1} can be w
ritten as follow

s:

 y =
 X

θ +
 e

{3.2}

w
here, X

 is a m
atrix of coefficients of θ.  E

ffects in linear m
odels can take one of tw

o form
s,

class or continuous.  D
iscrete effects such as a specific herd, block, or sex are denoted "class

effects".  A
lthough the levels of these effects can 

be num
bered, there is no relationship

betw
een the num

ber of a specific herd and effect associated w
ith it.  For continuous effects a

linear relationship is 
assum

ed 
betw

een 
the 

value 
for 

the 
independent variable 

and 
the

dependent variable.  E
ach row

 of X
 corresponds to the coefficients of θ for a specific record

in y.  For class effects the elem
ents in X

 w
ill be either zero or one.  For continuous effects,

each elem
ent in X

 corresponds to the observed value for the independent variable.  
F

or
the linear m

odel it is easy to dem
onstrate that the least square solution for   can be derived

from
 the norm

al equations:  θ =
 (X

'X
) -1X

'y.  For a linear m
odel the param

eter estim
ates w

ill

also be unbiased, consistent, and w
ithin the param

eter space.  If y is not a linear function of θ,
then the least squares solution can 

generally not 
be derived analytically, although various

iterative m
ethods have been developed.  O

nly effects on the m
ean of y are included in the

m
odel, thus effects on the  variance of y or higher order m

om
ents cannot not be estim

ated b
y

least squares.
 

A
s 

dem
onstrated 

in 
the 

previous 
chapter, 

the 
genotype 

m
eans 

and 
variances, 

and
recom

bination frequencies 
cannot 

be 
described 

by 
a linear 

m
odel 

of 
the 

trait values. 
Furtherm

ore, as noted in the previous chapter, w
ithin the context of least squares estim

ation,
genotype m

eans and the 
recom

bination frequency betw
een a Q

T
L

 and 
a single m

arker are
com

pletely confounded and 
cannot be estim

ated separately.  W
ith tw

o m
arkers flanking a

Q
T

L
 it is possible to derive separate 

estim
ates 

of 
genotype 

m
eans 

and 
recom

bination
frequencies, but it is not possible to construct a linear m

odel that accurately describes the
relationship betw

een the observations and the Q
T

L
 param

eters, as w
ill be explained below

.
T

he nonlinear least square m
ethod of Q

T
L

 param
eter 

estim
ation 

w
ith 

tw
o 

flanking
m

arkers w
as developed independently in 1992 by 

H
aley and 

K
nott 

and 
M

artinez 
and

C
urnow

.  W
e w

ill illustrate the m
ethod using the B

C
 design, although the 

m
ethod has been

adapted to m
ost of the designs considered in the previous chapter.  T

he B
C

 design w
ith tw

o
flanking m

arkers is illustrated in Figure 3.1.  For the B
C

 progeny only the chrom
osom

e from
the F-1 parent is show

n.  T
here are eight possible gam

etic haplotypes (including the Q
T

L
);

tw
o 

nonrecom
binants, 

four 
single 

recom
binants, 

and 
tw

o 
double 

recom
binants. 

R
ecom

bination 
frequency 

betw
een 

the tw
o 

m
arkers, 

M
 

and 
N

 
w

ill 
be 

denoted 
R

. 
R

ecom
bination frequencies betw

een M
 

and Q
 and Q

 and N
 w

ill be denoted r1  
and 

r2 ,
respectively.  Z

ero interference w
ill be assum

ed, thus R
 = r1  + r2  - 2r1 r2 .  T

he follow
ing m

odel
can then be defined:

Y
ij  =

 µ
1 (1-p

i ) + µ
2 p

i  +
 e

ij
{3.3}

w
here Y

ij  is the production record of the j th individual w
ith m

arker genotype i, µ
1  is the m

ean

for individuals w
ith genotype Q

1 Q
2 , µ

2  is the m
ean for individuals w

ith genotype Q
2 Q

2 , p
i  is

the probability that an individual w
ith m

arker genotype i has genotype Q
2 Q

2 , e
ij  is the

residual, and the other term
s are 

as defined previously.  T
his m

odel can be sim
plified as

follow
s:

Y
ij  = µ

1  + (µ
2 -µ

1 )p
i  + e

ij
{3.3a}

p
i  is a function of the recom

bination param
eters, and can be estim

ated for each of the 
four

m
arker haplotypes  as follow

s:

p
m

1n1  =
 r1 r2 /(1-R

)
{3.4}

p
m

1n2   =
 r1 (1-r2 )/R

{3.5}

p
m

2n1   =
 r2 (1-r1 )/R

{3.6}

p
m

2n2  =
 1 - r1 r2 /(1-R

)
{3.7}



If r1  w
as know

n, it w
ould be possible to substitute these values into equation {3.3a}, and

then solve as a sim
ple linear regression, w

ith µ
1  as the y-intercept and µ

2 -µ
1  and the slope. 

Since r1  is not know
n, equation {3.3a} can be considered as four separate equations, one for

each m
arker haplotype.  A

lthough assum
ing zero interference, it is possible to solve for r2  in

term
s of R

, w
hich is assum

ed know
n, and r1 , w

e are left w
ith four equations w

hich are
com

plicated functions of the Q
T

L
 m

eans and r1 .  T
hus this m

odel is nonlinear in r1 .  T
he least

squares solution for all three param
eters w

ill be the values that m
inim

ize the residual sum
 of

squares.  T
his m

odel readily can be solved by a nonlinear least squares algorithm
, such as

PR
O

C
 N

L
IN

 of SA
S (SA

S, 1988).  T
he SA

S code is given in Figure 3.2.

T
he m

ain advantages of this m
ethod are that it can 

be perform
ed by 

m
ore statistical

packages, and significance of the Q
T

L
 effect can be tested by an F-test of the m

odel m
ean

squares against the residual m
ean squares, w

hich is m
ore fam

iliar to m
ost researchers than a

likelihood ratio test.  T
he disadvantage of this m

ethod is that it is applicable only in certain
situations.  It cannot be applied to estim

ate recom
bination frequency betw

een a Q
T

L
 and a

single m
arker, used to estim

ate Q
T

L
 variance effects, or applied to segregating populations. 

A
ll of these questions have been addressed by M

L
 (W

eller, 1986; B
ovenhuis and W

eller,
1994).

3.4 M
axim

um
 likelihood estim

ation for a single param
eter

M
axim

um
 likelihood (M

L
) is m

uch m
ore flexible than least squares estim

ation, but requires
rather com

plex program
m

ing, except for m
odels w

hich can be analyzed by available softw
are,

such as program
 L

E
 of B

M
D

P (E
lkind et al., 1994).  T

here are three steps in M
L

 param
eter

estim
ation:

1.  D
efining the assum

ptions on w
hich the statistical m

odel is based.  In addition to the
"usual" assum

ptions listed above, zero crossing-over interference betw
een the segm

ents M
Q

and Q
N

 is assum
ed.

2.  C
onstructing the likelihood function, w

hich is the joint density of the observations
conditional on the param

eters.
3.  M

axim
izing the likelihood function w

ith respect to the param
eters.

Since M
L

 estim
ation is less fam

iliar than least squares, the basic m
ethodology for M

L
estim

ation of 
a 

single 
param

eter 
w

ill 
be 

illustrated 
using 

an 
exam

ple from
 

a 
binom

ial
distribution.  A

ssum
e that from

 a sam
ple of ten observations, three are "successes" and the

other seven are "failures".  W
e w

ish to derive the M
L

 estim
ate (M

L
E

) of p, the probability of
success.  T

his is done by w
riting the binom

ial probability of obtaining this result as a function
of p:

L
 = 10! (p) 3(1-p) 7

{3.8}

3!7!      

w
here L

 is the probability of obtaining this result, conditional on p. 
 L

 is denoted the
likelihood function.  T

he M
L

E
 for p is that value of p w

hich m
axim

izes L
.  T

he 
M

L
E

 is
com

puted by differentiating L
 w

ith respect to p, and solving for 
p w

ith this derivative set
equal to zero.  In practice it is usually easier to com

pute and differentiate the log of L
.  T

his is
equivalent to differentiating L

, since a function and its log w
ill have m

axim
um

 value for the
sam

e variable value.  It is thus possible to derive the M
L

E
 of p as follow

s:

L
og L

 = log(10!) - log(3!7!) + 3(log p) + 7[log(1-p)]  
{3.9}

d(L
og L

)/dp =
 3/p - 7/(1-p) =

 0
{3.10}

p =
 3/10

{3.11}

T
his is of course the proportion of successes derived in the sam

ple.  T
hus, for this sim

ple
case, the M

L
E

 is the intuitive estim
ate value.  From

 the above discussion, it should be clear
w

hy M
L

E
 m

ust lie w
ithin the param

eter space.  A
 param

eter estim
ate outside the param

eter
space w

ill by definition have a likelihood of zero, and can therefore not be the M
L

E
. 

For a continuous distribution, the likelihood is com
puted as the statistical density of the

distribution, conditional on the sam
ple.  Statistical density, f(y) ,for a continuous variable, y

,
is defined as the ordinate of the distribution function for a given value of y.  For exam

ple,
assum

e that a sam
ple w

as taken from
 a norm

al distribution.  T
o obtain the M

L
E

 for the m
ean,

it is necessary to com
pute the joint statistical density of the sam

ple.  For a single observation
the likelihood w

ill be:

           -(y-µ
) 2/2σ

2

              e                 
L

 = ÄÄÄÄÄ
{3.12}

       ÄÄ
      √2π

σ
2

w
here σ

 is the standard deviation, e is the base for natural logarithm
s and is approxim

ately

equal to 2.72, µ
 is the m

ean, and y is the variable value.  For a sam
ple of N

 observations, the
likelihood w

ill be the product of the likelihoods for each individual observation.  A
s in the

previous case, the 
M

L
E

 for µ
 can be derived by 

taking the 
derivative of the log 

of the
likelihood, w

ith respect to the m
ean, and setting this function equal to zero.  T

he derivative of
log L

 for a sam
ple from

 a norm
al distribution is com

puted as follow
s:

d(L
og L

)/dµ
 = Σ

 (y
i  - µ

)
{3.13}

Setting this function equal to zero, w
e find that the M

L
E

 of the population m
ean is the

sam
ple m

ean, w
hich is again the intuitively correct result. 

T
he M

L
E

 for the variance could be derived in the sam
e m

anner, and w
ould again yield the



intuitive result of the sam
ple variance.  A

lthough in the tw
o exam

ples given so far, M
L

 has
been used to derive estim

ates that could have been derived by other m
ethods, it w

ill be
dem

onstrated 
below

 
that 

for 
m

ore 
com

plicated 
problem

s, 
M

L
 

is the 
only 

m
ethod 

of
estim

ation that can utilize all the available data.

3.5 M
axim

um
 likelihood m

ulti-param
eter estim

ation

M
L

 can also be used to estim
ate several param

eters sim
ultaneously, for exam

ple, to estim
ate

both the m
ean and variance in a norm

al distribution.  In that case it is necessary to m
axim

ize
the likelihood w

ith respect to both param
eters.  T

his can 
be done by 

taking the 
partial

derivatives of the log likelihood w
ith respect to each param

eters, and setting each derivative
equal to zero.  It is then necessary to solve a system

 of equations equal to the 
num

ber of
param

eters being estim
ated.  In general the likelihood function for estim

ation of m
 param

eters,
(θ

1 , θ
2 ,..., θ

m ), from
 a sam

ple of n observations (y
1 , y

2 ,..., y
n ) can be w

ritten as follow
s:

L
 =

 p(y
1 , y

2 ,...y
n |θ

1 , θ
2 ,...θ

m ) =

  =
 p(y

1 |θ
1 , θ

2 ,...θ
m )p(y

2 |θ
1 , θ

2 ,...θ
m )...p(y

n |θ
1 , θ

2 ,...θ
m )

{3.14} 

  =
 Π

 p(y
i |θ

1 , θ
2 ,...θ

m )

W
here p(y|θ) represents the probability of obtaining y, conditional on θ, and Π

 signifies the

product p(y
i |θ

1 , θ
2 ,...θ

m ) from
 y

1  through y
n .  If the distribution is continuous, then p(y|θ)

w
ill be replaced by f(y|θ), i. e., the density of y, conditional on θ.  T

hus any problem
 that can

be phrased in term
s of equation {3.15} can be solved by M

L
.

3.6  P
rediction error variances for M

L
E

In addition to deriving param
eter estim

ates, it is also im
portant to know

 how
 accurate the

estim
ates are.  G

enerally the standard error of the estim
ate is used for this purpose.  T

he
square of the standard error is denoted the prediction error variance.  T

he follow
ing equation

can generally be used to derive the prediction error variance for M
L

E
 of a single param

eter:

                 -1
V

ar () =  ÄÄÄÄÄÄÄÄ
{3.15}

               E
[d

2(log L
)/dθ

2]

W
here  is the M

L
E

 of θ, and E
[d

2(log L
)/dθ

2] is the expectation of the second derivative of L

w
ith respect to θ.  E

quation {3.15} w
ill be correct if the first derivative of θ is a m

ultiple of
the difference betw

een the true param
eter value and its estim

ate.  O
therw

ise the  prediction
error variance w

ill be slightly greater than the right-hand-side of equation {3.15}.  U
nder a

w
ide range of conditions, equation {3.15} w

ill be asym
ptotically 

correct; that is, as the
sam

ple size increases the difference betw
een the left-hand and right-hand sides of the equation

tends tow
ards zero.  T

he square root of the prediction error variance, the standard error of the
estim

ate, can be used to determ
ine the confidence interval of the estim

ate.
T

he prediction error variances for the m
ulti-param

eter estim
ation problem

 can be derived
in a m

anner parallel to that described in equation {3.14}.  T
he param

eter estim
ates and the

first derivatives w
ill each consist of a vector w

ith the num
ber of elem

ents equal to m
.  T

he
second derivatives and the prediction error variances w

ill both be square m
 by m

 m
atrices. 

U
sing brackets to denote m

atrices and vectors, the m
atrix of prediction error variances can be

com
puted w

ith the follow
ing equations:
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W
here the 

right-hand-side is the inverse of the m
atrix of second partial derivatives w

ith
respect to [θ].  T

he diagonal elem
ents w

ill be the prediction error variances of the estim
ates,

and the off-diagonal elem
ents w

ill be the prediction error-covariances betw
een the elem

ents. 
T

hese are needed to test hypotheses based on linear functions of the param
eters.

E
ven if the 

prediction error variance is not 
com

puted, M
L

 can still be used to test
hypothesis, by a "likelihood ratio test".   In a likelihood ratio test the m

axim
um

 likelihoods
obtained under tw

o alternative hypotheses are com
pared.  In the null hypothesis, one or m

ore
of the param

eters that are m
axim

ized in the 
alternative hypothesis are 

fixed.  For exam
ple

setting a m
ean equal to zero.  Provided that the null hypothesis 

is "nested" w
ithin the

alternative hypothesis, under the assum
ption of no difference, the natural log of the likelihood

ratio w
ill be asym

ptotically distributed  as:  (-1/2)χ
2, w

here χ
2 is the C

hi-squared statistic. 
B

y "nested" hypothesis w
e m

ean that, although som
e param

eters that are 
fixed in the null

hypothesis are m
axim

ized in the alternative hypothesis, all param
eters that are 

fixed in the
alternative hypothesis are also fixed in the null hypothesis. 

 T
he num

ber of degrees of
freedom

 w
ill be equal to the 

num
ber of param

eters that are 
m

axim
ized in the 

alternative
hypothesis, but fixed in the null hypothesis.
   A

lthough it is generally possible to w
rite the likelihood function, and differentiate log 

L
w

ith respect to the different param
eters, for Q

T
L

 detection m
odels it w

ill not be possible to
derive analytical solutions to the resultant system

 of equations.  Iterative m
ethods to derive

solutions w
ill be described below

.

3.7 M
axim

um
 likelihood Q

T
L

 param
eter estim

ation for crosses betw
een inbred lin

es
and a single m

arker

W
e w

ill illustrate M
L

 first for the B
C

 design and a single Q
T

L
 linked to a single genetic, as

illustrated in Figure 3.1.  W
e w

ill assum
e that the quantitative trait has a norm

al distribution
and that the tw

o Q
T

L
 genotypes have equal variances.  A

s w
ill be seen below

, M
L

 is a m
uch



m
ore flexible technique than least squares, and can 

handle m
any situations in w

hich these
assum

ptions do not hold.  T
he statistical density function for a single individual of genotype

M
1 M

2  w
ill be:

                      -(y-µ
1 ) 2/2σ

2               -(y-µ
2 ) 2/2σ

2

(1-r)e                          (r)e

   f(y)  =  Ä
Ä
Ä
Ä
Ä
Ä

       +      Ä
Ä
Ä
Ä
Ä
Ä

{3.17}
                 Ä

Ä
Ä

                       Ä
Ä
Ä

             √2π
σ

2                        √2π
σ

2

W
here y is the trait value, σ

 is the standard deviation, µ
1  is the m

ean of individuals w
ith the

Q
1 Q

2  genotype, and µ
2  is the m

ean of individuals w
ith the Q

2 Q
2  genotype.  Individuals w

ith
the M

2 M
2  genotype w

ill have the sam
e likelihood, except that the Q

T
L

 m
ean values w

ill be
reversed.  T

he com
plete likelihood for a sam

ple of individuals can be w
ritten as follow

s:

n
1                  n

2          
L

 =
 Π

 [f(y
i ,M

1 M
2 )] Π

 [f(y
j ,M

2 M
2 )]

{3.18}

w
here Π

 represents the product of a series, f(y
i ,M

1 M
2 ) and f(y

j ,M
2 M

2 ) are the 
statistical

densities for i th and j th observations w
ith genotypes  M

1 M
2  and M

2 M
2 , respectively; and n

1

and n
2  are the num

ber of individuals w
ith the tw

o genotypes, respectively.
T

o obtain the M
L

 param
eter estim

ates, the log of this function m
ust be differentiated

w
ith respect to four param

eters, µ
1 , µ

2 , σ
, and r.  T

he partial derivatives m
ust then be equated

to zero, and this system
 of four equations m

ust be solved.  T
his system

 of equations can not
be solved analytically.  Iterative m

ethods to derive solutions w
ill be described below

. 
L

inkage of the genetic m
arker to a segregating Q

T
L

 can 
be tested by 

com
paring the

likelihood in equation {3.18} at convergence to the m
axim

um
 likelihood obtained w

ith r fixed
to 0.5, i. e., no linkage betw

een the Q
T

L
 and the genetic m

arker.  A
s note about, under the

null hypothesis of no linkage, w
ith one 

param
eter fixed, the 

ratio of the natural log 
of the

likelihood ratio w
ill be  asym

ptotically  distributed  as:   (-1/2)χ
2, w

here χ
2 is the C

hi-squared
statistic w

ith one degree of freedom
.

A
lternatively, equation {3.17} can be readily m

odified so that a different residual variance
is assum

ed for each Q
T

L
 genotype.  In this case it is necessary to estim

ate five param
eters,

instead of four.  T
he hypothesis of heterogenous variance can also be tested against the null

hypothesis 
of hom

ogenous variance by the log likelihood ratio of the heterogenous and
hom

ogenous variance m
axim

um
 likelihoods. 

For the F-2 design described in Figure 2.2, each genotype w
ill consist of a m

ixture of three
norm

al distributions for the tw
o Q

T
L

 
hom

ozygotes 
and 

the Q
T

L
 

heterozygote. 
 

T
he

probabilities of each of the three Q
T

L
 genotypes w

ithin each m
arker genotype are 

given in
T

able 2.2.  T
hus, it w

ill be necessary to estim
ate at least five param

eters, the three Q
T

L
m

eans, r, and the residual variance.  T
his m

odel can also be m
odified so that a separate

residual variance is assum
ed for each Q

T
L

 genotype.  In this case is necessary to estim
ate

seven param
eters; three m

eans, three variances, and r (W
eller, 1986). T

hese exam
ples give

som
e indication of the flexibility of M

L
 estim

ation

3.8 M
axim

um
 likelihood Q

T
L

 param
eter estim

ation for crosses betw
een inbred lin

es
and tw

o flanking m
arkers

 T
he likelihood function for the B

C
 design w

ith tw
o flanking m

arkers is described as
follow

s (L
ander and B

otstein, 1989):

 n
M

1N
1      n

M
1N

2      n
M

2N
1      n

M
2N

2

L
 = Π

 fM
1N

1  Π
 fM

1N
2  Π

 fM
2N

1  Π
 fM

2N
2  

{3.19}

w
here n

M
1N

1 , n
M

1N
2 , n

M
2N

1 , n
M

2N
2  are the num

ber of individuals w
ith genotypes M

1 N
1 /M

2 N
2 ,

M
1 N

2 /M
2 N

2 , M
2 N

1 /M
2 N

2 , and M
2 N

2 /M
2 N

2 , respectively, and fM
1N

1 , fM
1N

2 , fM
2N

1 , and fM
2N

2

are the 
density 

functions for the four possible m
arker genotypes.  Since all individuals

received an m
n chrom

osom
al segm

ent from
 the 

recurrent parent, only the chrom
osom

al
segm

ent received from
 the F-1 is indicated.  T

he density functions for the possible m
arker

genotypes are com
puted as follow

s:

fM
1N

1  =
 (1-α

)f(Q
1 ) +

 α
f(Q

2 )
{3.20}

fM
1N

2  =
 (1-β)f(Q

1 ) +
 βf(Q

2 )
{3.21}

fM
2N

1  =
 (1-β)f(Q

2 ) +
 βf(Q

1 )
{3.22}

fM
2N

2  =
 (1-α

)f(Q
2 ) +

 α
f(Q

1 )
{3.23}

w
here α

 = r1 r2 /(1-R
), β = r1 (1-r2 )/R

, and f(Q
1 ) and f(Q

2 ) are the norm
al density functions for

each observation w
ith standard deviations of σ

, and m
eans of µ

1  for the Q
1 Q

2  genotype and

µ
2  for the Q

2 Q
2  genotype. 

 
T

hus, 
the 

likelihood 
can 

be com
puted 

by 
calculating 

the
appropriate density function for each individual, depending on its m

arker genotype, and
m

ultiplying.  A
s for the nonlinear regression m

odel in Section 3.3, zero interference w
ill be

assum
ed, thus R

 =
 r1  +

 r2  - 2r1 r2 , and it is necessary to derive M
L

 estim
ates for only four

param
eters, r1 , σ

, µ
1  and µ

2 . 

3.9  M
ethods to m

axim
ize likelihood functions

N
um

erous iterative m
ethods have been proposed 

to m
axim

ize 
m

ultiparam
eter 

likelihood
function.  T

he initial solutions for all m
ethods are selected arbitrary.  T

hese m
ethods w

ill be
com

pared based on ease of application, speed of convergence, and probability of convergence.
 O

f all the m
ethods that w

ill be considered below
, only expectation-m

axim
ization (E

M
) is

guaranteed to converge to a m
axim

um
, provided a m

axim
um

 exists w
ithin the param

eter space.



 H
ow

ever,  even for E
M

, the convergence point is a only a local m
axim

um
.  It is possible that

another set of solutions yield the global likelihood m
axim

um
.  G

enerally the problem
 of

m
ultiple m

axim
a is addressed by iterating from

 several different sets of initial values.  If all
runs converge to the sam

e param
eter estim

ates, then it is likely, but not certain, that this
param

eter set is a global m
axim

um
. 

Iterative m
axim

ization m
ethods be divided into derivative free m

ethods, m
ethods based on

com
putation of first derivatives, and m

ethods based on com
putation of second derivatives.

For all derivative based m
ethods, the param

eter estim
ates of the i th iterate are com

puted b
y

solving a system
 of equations equal in num

ber to the num
ber of param

eters being estim
ated. 

T
hese reduced equations are them

selves functions of 
the 

param
eter 

estim
ates 

from
 

the
previous iteration.  T

hus, it is necessary to continue iteration until changes betw
een rounds

fall below
 a sufficiently sm

all value. 
 

C
onvergence 

is 
generally m

ost 
rapid 

for 
second

derivative m
ethods, but convergence is not guaranteed, even if there is a m

axim
um

 w
ithin the

param
eter space.  W

e w
ill consider first derivative-free m

ethods, then m
ethods based on

com
putation of second 

derivatives, and 
finally 

m
ethods 

based 
of com

putation 
of 

first
derivatives.

D
erivative free m

ethods:  Several general purpose algorithm
s that find the m

axim
um

 of a
function w

ithout com
puting derivatives have been devised.  T

hese m
ethods are 

available in
m

any softw
are packages, and can be applied to virtually any continuous function.  D

erivative
free m

ethods tend to be inefficient for large sam
ples or m

any param
eters, 

and 
are 

not
guaranteed to converge. 

Second derivative based m
ethods:  In N

ew
ton-R

aphson (D
ahlquist and B

jorck, 1974),
both the first derivatives and the m

atrix of second derivatives are com
puted analytically. 

Solutions for the i th round of iteration are com
puted by 

solving the follow
ing system

 
of

equations:
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W
here [i ] is the estim

ate of θ for the i th iterate, [i-1 ] is the previous estim
ate of [θ], and the

other term
s are as defined above, w

ith derivatives com
puted for the i-1 estim

ate of [θ].  
T

he
m

ain advantage of N
ew

ton-R
aphson is that convergence is generally rapid.  T

he disadvantages
are that the algorithm

 m
ay not converge, even if the likelihood does have a m

axim
um

 w
ithin

the param
eter space, and com

putation of the m
atrix of second derivatives is often a non-trivial

task.  T
his problem

 is alleviated som
ew

hat if Fisher's m
ethod of scoring (B

ailey, 1961) is
used instead of N

ew
ton-R

aphson.  In this m
ethod num

erical m
ethods are used to estim

ate the
differentials (Jensen, 1989).  T

hus, the algebra 
is sim

plified som
ew

hat, but there is som
e

sacrifice in both efficiency, in term
s of com

puting tim
e, and the accuracy of the estim

ates and
the prediction error variances.  H

ow
ever, as show

n above, this m
atrix can be used to derive

estim
ates of the standard errors of the estim

ates, w
hich is itself an im

portant objective.
F

irst derivative based m
ethods (E

M
):  E

xpectation-m
axim

ization (E
M

) is based on
com

putation of first derivatives.  E
M

 is generally considered the m
ethod of choice, because it

is guaranteed to converge to a m
axim

um
, provided that one exists w

ithin the param
eter space.

 T
he rate of convergence, how

ever, m
ay be very slow

.  T
he principle behind E

M
 

is to
consider tw

o sam
pling densities, one based on the 

com
plete-data specification (unknow

n),
and the second based on the incom

plete-data specification (know
n).

T
he E

M
 algorithm

 consists of tw
o steps: the estim

ation step, in w
hich the "sufficient

statistics" are estim
ated for the com

plete-data density function; and the m
axim

ization step, in
w

hich this function is m
axim

ized w
ith respect to the param

eters.  L
ander and B

otstein (1989)
em

ployed a partial E
M

 
algorithm

 that solved for Q
T

L
 m

eans and variances for 
a fixed

recom
bination frequency.  T

his procedure w
as then repeated for a range of recom

bination
values to obtain the r value w

hich resulted in M
L

. 
Jansen (1992) derived com

plete E
M

 equations, w
hich are suitable for a w

ide range of
Q

T
L

 m
odels.  For each individual i, the likelihood function can be w

ritten as f(yi ,m
i ), w

here y
i

and m
i  are the 

quantitative trait value and m
arker genotype for individual i.  T

he 
joint

likelihood over all individuals w
ill be Π

f(y
i ,m

i ) as given above.  B
y the general product rule of

probability:

I              I        I  
L

 = Π
f(y

i ,m
i ) = Π

p(m
i ) Π

f(y
i |m

i )
{3.25}

w
here I = total num

ber of individuals, p(m
i ) =

 probability of genotype m
, and 

f(yi |m
i ) =

density of the trait value given the m
arker genotype for individual i. Setting the log 

of L
 to

zero gives:

    ∂(log L
)        I  ∂ [log p(m

i I )]     I  ∂[log f(y
i |m

i )]

0 =  Ä
Ä
Ä
Ä

   =  Σ
 Ä
Ä
Ä
Ä
Ä
Ä

   + Σ
 Ä
Ä
Ä
Ä
Ä
Ä

   
{3.26}

          ∂θ                     ∂θ                        ∂θ

A
fter algebra equation {3.26} can be expressed as follow

s:

       ∂(log L
)      I Q

              ∂[log p(q|m
i )]        I Q

              ∂[log f(y
i |q)]

0 = Ä
Ä
Ä
Ä

  =
  Σ

 Σ
 p(q|y

i ,m
i ) Ä

Ä
Ä
Ä
Ä
Ä
Ä

  +
 Σ

 Σ
 p(q|y

i ,m
i ) Ä

Ä
Ä
Ä
Ä
Ä

{3.27}

           ∂θ                                  ∂θ                                         ∂θ

W
here:

Q
 =

 the total num
ber of Q

T
L

 genotypes
p(q|m

i ) =
 probability of Q

T
L

 genotype q conditional on m
arker genotype m

i .
f(y

i |q) =
 density of trait value y

i  conditional on Q
T

L
 genotype q.

p(q|y
i ,m

i ) =
 probability of Q

T
L

 genotype q conditional on trait value y
i  and m

arker genotype
m

i .
T

he differential in first expression on the right-hand sire of equation {3.27} is only a
function of the recom

bination param
eters r or r1 , and the differential in the second expression

is only a function of Q
T

L
 genotype m

eans and variances.  U
sing the values of p(q|y

i ,m
i ) from



the current iteration, solutions can be derived for the param
eters by setting each term

 equal to
zero.  In m

any of the designs considered, these equations can now
 

be easily solved for the
current values of p(q|y

i ,m
i ).  T

he "estim
ation" step consists of com

puting p(q|y
i ,m

i ) using the
current values of θ.  for each individual.  For exam

ple, for the B
C

 design and a single m
arker,

p(q=
Q

1 |y
i ,m

i ) for the M
1 M

2  genotype is com
puted as follow

s:

   -(y
i -µ

1 ) 2/2σ
2

  e
p(q=Q

1 |y
i ,m

i ) =  Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä
Ä

{3.28}
       -(y

i -µ
1 ) 2/2σ

2       -(y
i -µ

2 ) 2/2σ
2

(1-r)e               + (r)e

p(q=
Q

2 |y
i ,m

i ) is sim
ilarly com

puted w
ith  µ

2  in the num
erator instead of µ

1 .  T
hus the sum

 of
p(q=

Q
2 |y

i ,m
i ) and p(q=

Q
2 |y

i ,m
i ) of each individual are equal to unity, 

and 
these can 

be
considered w

eighting factors for the differentials in equation {3.27}.
T

he m
axim

ization step consists of solving equation {3.27}. T
he first term

 is a w
eighted

non-linear regression, and is a function only of the recom
bination param

eter (r).  For the B
C

design, log [p(q|m
i )] is equal to either log r or log (1-r),  w

ith derivatives  of 1/r  or   -1/(1-r),
respectively.  T

he second term
 is a w

eighted linear regression, and is only a function of Q
T

L
m

eans and variances.  For the B
C

 design, assum
ing a norm

al distribution, the Q
T

L
 m

eans and
variances can be estim

ated as the trait m
eans and variances w

eighted by p(q|y
i ,m

i ) for each
com

bination of individual by genotype.  O
ther "nuisance" factors, such as block or herd can

readily be incorporated as part of the second term
, w

hich can be solved as a general linear
m

odel for traits w
ith a norm

al distribution.
W

ith m
arker brackets the first term

 is som
ew

hat m
ore com

plicated, but w
ill still be a

function of only a single param
eter, r1 , assum

ing zero interference, and that R
 is know

n. T
his

m
ethod can also be readily applied to analyze m

ultiple brackets.  A
lgorithm

s are described in
Jansen 

(1992). 
 

T
his 

m
ethod 

can 
also 

be 
applied 

even 
if 

the 
w

ithin-Q
T

L
 

genotype
distribution of the quantitative trait is not norm

al, provided it is possible to com
pute the

differential of log f(y
i |q), as w

ill be described below
 for the case of discrete traits.

3.10 A
nalysis of m

ore com
plicated m

odels by m
axim

um
 likelihood

W
e w

ill consider briefly several m
ore com

plex m
odels that are am

enable to solution by M
L

. 
M

ackinnon and W
eller (1995) used M

L
 to estim

ate Q
T

L
 param

eters for the daughter design,
under the assum

ption that only tw
o Q

T
L

 alleles w
ere segregating in the 

population. 
 In

addition to the param
eters given above for the B

C
 design, it is also necessary to solve for the

relative frequency of the tw
o Q

T
L

 alleles.  T
he likelihood for the m

odel of M
ackinnon and

W
eller (1995) is as follow

s:

K
   4     3     L

i    3             

L
 =  Π

 Σ
P

v Π
 Π

 Σ
  c

j|i,v  ƒ(y
ikl - µ

j  )
{3.29}

k=
1  v=

1  i=
1   l=

1   j=
1             

W
here K

 is the num
ber of sires, P

v  is the probability of sire Q
T

L
 genotype v,  c

j|i,v  is the
probability of progeny Q

T
L

 genotype j conditional on the com
bination of sire Q

T
L

 genotype
v and progeny m

arker genotype i, L
i  is the num

ber of daughters w
ith m

arker genotype i, x
ikl  is

the trait value for progeny l of sire k, w
ith m

arker genotype i, µ
j  is the m

ean for progeny Q
T

L

genotype j, and ƒ(y
iklm

 - µ
j ), the norm

al density function for progeny m
 of sire k, conditional

on Q
T

L
 genotype j.  M

ackinnon and W
eller (1995) assum

ed that  only tw
o Q

T
L

 alleles w
ere

segregating in the population, and all sires are heterozygous for the genetic m
arker.  T

hey
further assum

ed that only sires heterozygous for the genetic m
arker w

ere included in the
analysis.  T

hus, four sire genotypes are determ
ined w

ith respect to the Q
T

L
 and the genetic

m
arker; hom

ozygotes Q
1 Q

1  and Q
2 Q

2 , the heterozygote w
ith Q

1  linked to M
1 , and the

heterozygote w
ith Q

1  linked to 
M

2 . 
P

v  
can 

be 
com

puted 
assum

ing 
a 

H
ardy-W

einberg
distribution of genotypes.  It is necessary to define only three m

arker genotype classes for
the progeny; those that receive M

1 , but not M
2 , those that receive M

2 , but not M
1 , and those

that receive both paternal alleles.  Form
ula for cj|i,v  are given in M

ackinnon and W
eller (1995).

 For progeny w
ith the paternal m

arker genotype, it is not know
n w

hich allele w
as received

from
 the sire, and w

hich allele w
as received from

 the dam
.  T

hus c
j|i,v  is a function of m

arker
allele frequency am

ong the dam
s.  A

ssum
ing that Q

T
L

 genotype does not affect the variance,
it is necessary to estim

ate six param
eters, the three Q

T
L

 genotype m
eans, the residual

variance, recom
bination frequency betw

een the m
arker and the Q

T
L

, and the frequency of the
Q

1  allele.  W
ith 

large 
sam

ples, 
reasonable 

estim
ates 

can 
be 

derived for 
all 

param
eters

(M
ackinnon and W

eller, 1995).
M

ackinnon and W
eller (1995) m

odified this m
odel to include a polygenic sire effect.  In

this case the norm
al density function becom

es ƒ(y
iklm

 - µ
j - g

k ), w
here g

k  is the polygenic effect
of sire k on his daughters.  T

his increases the num
ber of param

eters that m
ust be estim

ated by
the num

ber of sires.  B
ovenhuis and W

eller (1994) m
odified this m

odel to include a direct
effect of the m

arker genotype in addition to a linked Q
T

L
. 

Several studies have derived M
L

 form
ula for the granddaughter design.  M

ost follow
ing

H
oeschele and V

anR
aden (1993a) have analyzed the sons' D

aughter Y
ield D

eviations (D
Y

D
)

rather than the individual granddaughter production records.  D
Y

D
 are the daughter record

m
eans of each son adjusted for system

atic environm
ental effects and m

erits of m
ates.  T

he
advisability of this w

ill be discussed below
. H

ackett and W
eller (1995) derived an M

L
 m

odel
suitable for categorical traits.  T

hey assum
ed a threshold m

odel w
ith an underlying norm

al
distribution, and solved using the m

ethod of Jansen (1992).

3.11 B
ayesian estim

ation of Q
T

L
 effects and G

ibbs sam
pling

B
ayesian estim

ation differs from
 M

L
 in that instead of m

axim
izing the likelihood function,

the "posterior probability" of θ, p(θ|y) is m
axim

ized as a function of the likelihood function

and the prior distribution of θ.  B
ayes theorem

 in general term
s for m

ultiple param
eters and

observations is com
puted as follow

s:



p(θ
1 , θ

2 ,...θ
m |y

1 , y
2 ,...y

n ) =
  p(θ

1 , θ
2 ,...θ

m )p(y
1 , y

2 ,...y
n |θ

1 , θ
2 ,...θ

m )
{3.30}

W
here p(θ

1 , θ
2 ,...θ

m ) is the "prior probability" of the param
eters, and 

p(y1 , y
2 ,...y

n |θ
1 ,

θ
2 ,...θ

m ) is the likelihood function.  A
ssum

ing that prior inform
ation of the param

eters is
available, B

ayesian estim
ation, w

hich m
akes use of this inform

ation should be preferable to
M

L
, w

hich ignores any prior inform
ation on the param

eters.  T
here are tw

o m
ajor draw

backs
to B

ayesian estim
ation.  First, prior inform

ation on the param
eters is often vague, and 

it is
not possible to m

athem
atically represent this inform

ation w
ithout additional assum

ptions
w

hich m
ay not be true.  Second, if m

any records are 
included in the 

analysis, then the
likelihood function tends to "overw

helm
" the prior distribution of θ, and 

the 
B

ayesian
estim

ates tend to the M
L

 estim
ates.  Since in nearly all cases of Q

T
L

 estim
ation, the sam

ple
sizes w

ill be quite large, little is to be gained by B
ayesian param

eter estim
ation.  H

oeschele
and V

anR
anden (1993) derived a prior distribution of param

eters and the likelihood function
for a granddaughter design analysis.  T

hey assum
ed a prior exponential distribution of Q

T
L

effects, w
ith an im

posed low
er lim

it on the m
agnitude of Q

T
L

 effect.  T
hey further assum

ed
only tw

o alleles for each Q
T

L
 segregating in the 

population, and 
a uniform

 distribution of
allele frequencies over the com

plete range of zero to unity.  G
iven the distribution of Q

T
L

effects and allele frequencies, and the total additive genetic variance, they 
estim

ated the
expected num

ber of detectable Q
T

L
.  D

istribution of these Q
T

L
 throughout the genom

e w
as

assum
ed uniform

.  T
he B

ayesian and M
L

 analyses gave very sim
ilar results, and both w

ere
quite close to the sim

ulated values (H
oeschele and V

anR
anden, 1993a).

In G
ibbs sam

pling, a value is generated for each unknow
n param

eter and m
issing data

point from
 its distribution conditional on the observed data and on all other sam

pled values. 
A

fter m
any repeat sam

ples em
pirical posterior distributions of the param

eters are 
derived,

w
hich can be used to estim

ate param
eter values and confidence lim

its.  G
enerally very large

sam
ples, on the order of 10,000, are 

required to obtain results that are independent of the
starting values (H

oeschele, 1994).

3.12  R
epeat records, nuisance effects, and polygenic variance

A
s noted previously, in the analysis of m

ost experim
ental data, and all field data it w

ill be
necessary to account for system

atic environm
ental effects and other "nuisance" effects, such

as age or sex.  In addition individuals m
ay have m

ultiple records w
hich are partially correlated.

 Finally, for m
odels w

ith com
plicated pedigree structure, such as daughter or granddaughter

designs, individuals w
ith com

m
on m

arker genotypes can also have a com
m

on polygenic
com

ponent of variance.  In the previous chapter, w
e discussed the m

odel of Fernando and
G

rossm
an (1989) that can potentially handle all of these factors, but has several significant

deficiencies.  T
hus, alternative m

ethods have been proposed. 
For the granddaughter design, w

hich includes all of these problem
s, several studies have

suggested analyzing either estim
ate breeding values (E

B
V

) (A
ndersson-E

lkund and R
endel,

1990, C
ow

an et al., 1992) or D
Y

D
 (H

oeschele and vanR
aden, 1993) based on m

ixed m
odels

that include repeat records and fixed nuisance effects.  T
he E

B
V

 or D
Y

D
 are then analyzed by

a linear m
odel including only the effects associated directly w

ith the genetic m
arkers.  E

B
V

derived from
 a m

ixed m
odel w

ill be regressed, and therefore estim
ates of Q

T
L

 effects derived
as described w

ill be biased.  In addition, the variances of either B
V

 or D
Y

D
 w

ill be a function
of the quantity of inform

ation on the son.  T
hus, these studies have proposed to w

eight the
evaluations by 

som
e 

function 
of 

their reliabilities. 
 

In the 
m

ixed 
m

odel 
equations 

the
coefficient m

atrix is m
ultiplied by the inverse of the residual variance m

atrix.  T
herefore, for

D
Y

D
, for w

hich the variance decreases as the num
ber of daughters increases, w

eighting by the
repeatabilities is approxim

ately correct.  H
ow

ever, for m
ixed m

odel E
B

V
, w

hich increase in
variance as the num

ber of progeny increases, the effect of w
eighting by the repeatability has

the opposite effect desired.  Sons w
ith few

 daughters are m
ultiplied by a sm

aller factor, even
though their variance is less.  Furtherm

ore, our results, based on sim
ulated data, indicate that

Q
T

L
 effects derived by analysis of D

Y
D

 also underestim
ate the sim

ulated effects. 
O

ther alternatives have also been considered, for exam
ple iterative solution of polygenic

effects as progeny m
eans after correction for Q

T
L

 effects (M
ackinnon and W

eller, 1995).  In
this m

odel the sire polygenic effect w
as assum

ed to be fixed.  If polygenic effects are assum
ed

random
, then the correct solution for m

axim
um

 likelihood estim
ation is to integrate 

the
likelihood function w

ith respect to these effects (E
lsen et 

al, 1988). 
 

T
his, 

of 
course,

trem
endously com

plicates m
axim

izing the likelihood, especially if the num
ber of polygenic

effects that m
ust be estim

ated is large.  A
pproxim

ate integration has also been proposed and
tested on sim

ulated full sib data (K
nott and H

aley, 1992).  A
t present there is no com

pletely
satisfactory m

ethod for Q
T

L
 param

eter estim
ation of com

plex pedigrees.

3.13  Sum
m

ary

In this chapter w
e considered various m

ethods for Q
T

L
 

param
eter estim

ation, em
phasizing

m
axim

um
 likelihood, w

hich although not trivial to applied, can be applied to m
any m

odels
w

hich are not am
enable to solution by other m

ethods.  A
 num

ber of recent studies have
proposed nonlinear least square m

odels and B
ayesian m

ethods as alternative.  L
east square

m
odels give nearly identical results to M

L
, but are m

uch m
ore lim

ited as to possibilities of
m

odel 
specification. 

 
A

pplication 
of 

B
ayesian 

m
ethodology 

requires 
rather 

specific
know

ledge about the prior distribution of Q
T

L
 effects, w

hich is generally lacking.  T
here is no

com
plete satisfactory m

ethod at present 
for analysis of 

Q
T

L
 

data 
from

 
large 

com
plex

fam
ilies, such as com

m
ercial dairy cattle populations.
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