
Mixed-Model Problem

Consider the following pedigree

Here, 1 and 2 are unrelated,

and not inbred 

First, compute the A matrix for

this pedigree
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Computing the A matrix
1 2
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All outbreds: Aii = 1

1,2: unrelated, Aij = 0

1:3,4,5: Parent-offspring, Aij = 1/2

2:3,4,5: Parent-offspring, Aij = 1/2

3,4,5: full sibs, Aij = 1/2
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Suppose only measure 1, 3-5, with

y1 = 40,  y3 = 20, y4 = 25, y5 = 30,

only fixed effect is the mean µ.

However, we wish to estimate

all five breeding values

What are the elements in the mixed

model  y =X! + Za + e, 



Only slightly tricky part is Z
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Suppose "A
2=30, "e

2 =70,

giving h2 = 0.3

Here, a ~ (0,G=30*A), 

e ~ (0, 70*I),

V = ZGZT + R 

   = Z(30*A)ZT + 70*I

Then solve for a and µ using

β̂ = XT V−1X
−1

XT V−1y-
 

-( )

â = GZT V−1
(
y−Xβ̂

)
    

1st compute V



Refresher:  R matrix commands

• AT, the transpose of A,  t(A)

• A-1, the inverse of A, solve(A)

• AB, the matrix product, A %*% B



Enter A

Enter Z

Enter I



Now compute (and store) V = Z(30*A)ZT + 70*I

Enter y

Now compute (and store) bhat = (XTV-1X)-1XTV-1y

bhat <- solve( t(X) %*% solve(V) %*% X) %*% t(X) %*% solve(V) %*% y

bhat (the weighted estimate of the mean) = 28.75

Now, solve for ahat = GZTV-1(y-X bhat), where G = 30*A

ahat <- 30*A %*% t(Z) %*% solve(V) %*% (y- X %*% bhat)



Now, suppose that y2 = 20.  What are the new

estimates of a1 through a5?

Note that A is the same, but you need to compute

new y, X, and Z matrices, and that the covariance

matrix 70*I for the residuals is now 70*I5 x 5, 

rather than 70*I4 x 4  as was the case when we

had only four y values. 





Addition play-at-home

exercises

• See what the effect of keeping y, X,

and Z constant, but varying A (the

pedigree) is.

– For example, suppose all unrelated

• Use Henderson’s mixed model

equations to solve for !, a.



More on the animal model
• Under the animal model

– y = X! + Za  + e

–  a ~ (0,"A
2A),  e ~ (0, "e

2I)

– BLUP(a) = "A
2AZTV-1(y- X!)

– Where V = ZGZT + R = "A
2ZAZT + "e

2I

• Consider the simplest case of a single observation
on one outbred individual, where the only fixed
effect is the mean µ, which is assumed known

– Here  Z = A = I = (1),

–  V = "A
2 + "e

2

–  "A
2 AZTV-1 = "A

2 /("A
2 + "e

2) = h2

– BLUP(a) = h2(y-µ)



• More generally, with single observations on
n unrelated individuals,
– A = Z = In x n

– V = "A
2ZAZT + "e

2 I = ("A
2 + "e

2) I

–  "A
2 AZTV-1 =   h2 I

– BLUP(a) = "A
2AZTV-1(y- X!) = h2(y- µ)

• Hence, the predicted breeding value of individual i
is just BLUP(ai) = h2(yi-µ)

• When at least some individuals are related and/or
inbred (so that A = I) and/or missing or multiple
records (so that Z = I), then the estimates of the
BV differ from this simple form, but BLUP fully
accounts for this


