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Often there are several

vectors of random effects

• Repeatability models

– Multiple measures

• Common family effects

– Cleaning up residual covariance structure

• Maternal effects models

– Maternal effect has a genetic (i.e.,
breeding value) component
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Multiple random effects

y = X! + Za + Wu + e

! is a q x 1 vector of fixed effects

a is a p x 1 vector of random effects

u is a m x 1 vector of random effects

X is n x q,  Z is n x p,  W is n x m

y is a n x 1 vector of observations

y, X, Z, W observed. !, a, u, e to be estimated
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Covariance structure

Defining the covariance structure key in any mixed-model

y = X! + Za + Wu + e

These covariances matrices are still not sufficient, as we 

have yet to give describe the relationship between e, a, 

and u.  If they are independent:

Suppose e ~ (0,"e
2 I), u ~ (0,"u

2 I), a ~ (0,"A
2 A), 

as with breeding values
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y = X! + Za + Wu + e

Note that if we ignored the second vector u of random

effects, and assumed y = X! + Za + e*, then e* =

Wu + e, with Var(e*) = "e
2 I + "u

2 WWT

Consequence of ignoring random effects is that these

are incorporated into the residuals, potentially 

compromising its covariance structure

Covariance matrix for the vector of observations y
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Mixed-model Equations
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The repeatability model

• Often, multiple measurements (aka “records”) are
collected on the same individual

• Such a record for individual k has three components

– Breeding value ak

– Common (permanent) environmental value pk

– Residual value for ith observation eki

• Resulting observation is thus

– zki = µ + ak + pk +eki

• The repeatability of a trait is r = ("A
2+"p

2)/"z
2

• Resulting variance of the residuals is "e
2  = (1-r) "z

2
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Resulting mixed model

y = X! + Za + Zp + e

In class question:  Why can we obtain separate estimates

of a and p? 

Notice that we could also write this model as 

 y = X! + Z(a + p) + e = y = X! + Zv + e, v = a+p
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The incident matrix Z
Suppose we have a total of 7 observations/records, with

3 measures from individual 1, 2 from individual 2, and

2 from individual 3.  Then:

Why?  Matrix multiplication.  Consider y21.

y21 = µ + A2 + p2 + e21
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Consequences of ignoring p
• Suppose we ignored the permanent environment

effects and assumed the model y = X! + Za + e*
– Then e* = Zp + e,

– Var(e*) = "e
2 I + "p

2 ZZT

• Assuming that Var(e*) = "e
2 I gives an incorrect

model

• We could either
– use y = X! + Za + e* with the correct error

structure (covariance) for e* = "e
2 I + "p

2 ZZT

– Or use y = X! + Za +Zp + e, where e = "e
2 I
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Resulting mixed-model equations
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Common family effects
• Sibs in the same family also share a common

environment

– Cov(full sibs) = "A
2/2 + "D

2/4 + "ce
2

• Hence, if the model assumes yi = µ + ai + ei, with a
~ 0, "A

2A, c ~ 0, "cf
2I.   If there are records for

different sibs from the same family, Var(e) is no
longer "e

2 I

• y = X! + Za + Wc + e

• Again, if common family effect ignored  (we
assume y = X! + Za + e*) the error structure is
e* = "e

2 I + "cf
2 WWT

– Where "cf
2  = "D

2/4 + "ce
2

– The common family effect may contain  both environment
and non-additive genetic components
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Example:  Measure 7 individuals, first five

are from family one, last two from family 2

y = X! + Za + Wc + e

Z = I as every individual has a single record.

If there are missing and/or repeated records,

Z does not have this simple structure
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y = X! + Za + Wc + e

Again,  matrix multiplication gives us the form of the Z and 

W matrices.   Consider y6:

y6 = µ + A6 + c2 + e6
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Maternal effects with genetic

components

• The phenotype of an offspring can be influenced
by its mother beyond her genetic contribution

• For example, two offspring with identical
genotypes will still show potentially significant
differences in size if they receive different
amounts of milk from their mothers

• Such maternal effects can be quite important

• While we have just discussed models with common
family effects, these are potentially rather
different that maternal effects models
– Common family environmental effects are assumed not to

be inherited across generations.
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• Consider milk yield.  The heritability for
this trait is around 30% and the milk yield
of the mother has a significant impact on
the weight of her offspring

• Offspring with  high breeding values for
milk will tend to have daughters with
above-average milk yield, and hence above-
average maternal effects

• The value of an offspring can be
considered to consist of two components
– A direct effect (intrinsic breeding value)

– A maternal contribution



19

Phenotypic value = direct value + maternal value 

Pz = Pd + Pm

Observable Latent (unseen) values

Both of the latent values can be further decomposed into

breeding plus residual (environmental + non- additive genetic)

values
Pd = µ + Ad + Ed,            Pm = µ + Am + Em, 

The maternal breeding value Am DOES NOT appear  in the

phenotype of its carrier, but rather in the phenotype of her

offspring

The direct breeding value Ad appears in the phenotype of its

carrier
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Direct vs. maternal breeding values

• The direct and maternal contributions are best
thought of as two separate, but potentially
correlated, traits.
– Hence, we need to consider "(Ad,Am) in addition to " 2(Ad)

and " 2(Am).  This changes the form of the mixed-model
equations

• The direct BV (Ad) is expressed in the individual
carrying it

• The maternal BV (Am) is only expressed in the
offspring trait value (and only mom’s Am appears)
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Covariance structure

This is often written using the Kronecker (or direct) product:

Giving
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y = X! + Zdad + Zmam + e

The mixed-model becomes
Direct effects

breeding values

Maternal effects

breeding values

The error structure needs a little care, as the

direct Ed and maternal Em residual values can be

correlated*.  Initially, we will assume Var(e) ~ "e
2I

*See Bijma 2006 J. Anim. Sci. 84:800-806 for treatment

of correlated environmental residuals under this model
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The resulting mixed-model equations become
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Filling out the maternal effects

incident matrix Zm

A little bookkeeping care is needed when filling out Zm, because the

Am associated with a record (measured  individual) is that of their

mother.

0

1

a
b

c

2

3

d

f

e

g

4

5

6

7

1-7 have

records

All sires

unrelated
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0 1

2

3

4

5

6

7

Ad1 + Am0

Ad2 + Am1

Ad3 + Am1

Ad4 + Am2

Ad5 + Am2

Ad6 + Am3

Ad7 + Am3

The observed values are y1 through y7. 

What we can estimate are Ad1 through Ad7,  

Am0 through Am3
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Note that we estimate Am0 even though we don’t have a

record (observation) on her.

Since Zmam must be a 7 x 1 matrix, Zm is 7 x 4 (as am is 4 x 1)

Records 4 and 5 are associated with Am2

Record 1 is associated with Am0

Records 2 and 3 are associated with Am1

Records 6 and 7 are associated with Am3
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Records 4 and 5 are associated with Am2

Record 1 is associated with Am0

Records 2 and 3 are associated with Am1

Records 6 and 7 are associated with Am3



28

What about Am4 through Am7?

Although we have records that only directly relate Am0 to Am3, through the

use of A we can (in theory) also estimate the maternal breeding values for

individuals 4 through 7.  Note this includes the maternal BVs for the two

males (5 & 7), as they can pass this onto their daughters.
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Note that

All this raises the question about what can, and cannot, be

estimated from the data (y) and the design (Zm, Zd)?

First issue:  Is the structure of the design such that we

can estimate all of the variance components.  This is the

issue of identifiability 
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Estimability vs. Identifiability
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Second issue, connectivity
Even if the design is such that we can estimate all the genetic

variances, whether we can estimate all of the !, ad, and am in the

model depends on whether a unique inverse exists for the MME

Unique estimates of all the  ! require (XTV-1X)-1 exists

If (XTV-1X)-1 does not exist, a generalized inverse is used

which can uniquely estimate k linear combinations of the

! where k is the rank of XTV-1X
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Likewise, if the MME equation does not have an inverse (and this is

not due to constraints on !), then a generalized inverse can be used

to estimate unique estimates of certain linear combinations of the

ad and am.

A key role in ensuring that unique estimates of ad and am exist is

played by the relationship matrix A.  If individuals with records

and individuals without records are sufficiently well connected

(non-zero entries in A for their pair-wise relatedness), then we

usually can estimate values of un-observed individuals (although

their precision is another issue)


