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SOLUTIONS TO EXERCISES FOR CHAPTER 8§

Exercise 8.1.

a. Additive effect of an allele: Additive or average effect of an allele is the difference between the mean
genotypic value of individuals, which receive that allele from one parent and receive a random one from the
population as its second allele, and the mean of the random-mating population. See equations (8.10) and (8.11),
and p. 8.10 for a cross population, and equation (8.25) for a single population.

b. Epistasis: The interaction of nonallelic genes. Epistasis exists when genes at different loci combine in
a nonadditive manner, i.e., the total genotypic value is different from the sum of the effects of the different loci
individually.

Exercise 8.2.
With n loci there are 2n genes in an individual. There are many parallelisms between the genic factorial
model and the factorial method of experimentation. Some of the parallelisms are
1) Each of the 2n genes carried by an individual represents a factor,
2) The possible alleles which each of the 2n genes may assume are the levels of the factor,
3) The average effects of the genes correspond to the main effects in the factorial experiment,
4) Dominance effects represent the two-factor interactions between factors at the same locus, and correspond
to certain two-factor interactions in a factorial experiment,
5) Additive-by-additive effects represent the remaining two-factor interactions and are the interactions
between the levels of any two genes at different loci,
6) Additive-by-dominance effects represent the three-factor interactions in a factorial experiment,
7) Dominance-by-dominance effects represent the four-factor interactions in a factorial experiment, and so
on for higher-order interactions.



Exercise 8.3.
a. The schmatic diagram for the weighted linear regression of genotypic values on numbagr of A, alleles in
the genotype is as follows (the diagram was not drawn to scale from a numerical example):
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We can label the slope of the least squares regression line, o , as o = a; — o, for the following reason. We
know that the regressed values Gy, Gy, and Gy, are points on the regression line for 0, 1, and 2. The
regressed values are

C;H =G.+0 +

élz =G.+to+m,

ézz =G.+tap+ay
The difference between G;; —Gy, or G;, —G,, for a change of one unit on the X axis is equal to the slope of the
regression line. Thus,

a:éll —(.“;12 =G.+a+a; - (G +ay)

=0

Or,

azélz —ézz =G.+a+a;, —(G.+ay +ay)

=01 -0

To derive ¢ and a, as functions of &, we need to note that the regression line goes through the mean
(2 p,G..) . We then note that for the change



o +aq =(2—2p)a

0.3(5)+02(3) +0.52)=3.1 a =3.1-17=14

0.3(3) +02(1) +0.50)=1.1 a,=1.1-17=-0.6

03(2)+02(0)+0.5(1)=1.1 a3=11-1.7=-0.6

200 =2(1-p)a
o =(a
and
ay+ay =(0-2p)a
205 =-2pa
ay) =—pa
b. We desire to prove that
2
2 2 2
an =2 pi(a) =2pga
i=1
where p; = p
P2 =4
o) —0) =0
a1 =P =0qa
oy =—Pa=-pa
The proof is
2 _
2
23 pi(a) =2| Py’ + DzazzJ
i=1 -
i 2 2
=2\ p(p22)” + P2 (-P1@) }
=2 pip3a’ + pypie’ |
=2py Py’ [P + py]
=2py o’
=2 pqoz2
Exercise 8.4.
a. The additive effects are computed by definition as follows:
Ay A, A
0.3 0.2 0.5
A1A1 A1A2 A1A3
A 0.3 0.09 0.06 0.15
5 3 2
A2A1 AzAz A2A3
A, 0.2 0.06 0.04 0.10
3 1 0
A3A1 A3A2 A3A3
A 0.5 0.15 0.10 0.25
2 0 1
1.4 -0.6 -0.6

G.=u=17



4
The additive effects per se are o =1.4,a5 =—0.6,a3 =—-0.6.

The dominance effects by definition are
5ij :Gij —(/1+ai +C{j)
1.7+1.4+1.4)=0.5

11 =5—(

81 =3—-(1.7+1.4-0.6)=0.5
S13=2—(1.7+1.4-0.6)=-0.5
5y =1-(1.7-0.6-0.6)=0.5
823 =0-(1.7-0.6-0.6)=-0.5
833 =1-(1.7-0.6-0.6) =—0.5

The additive variance by definition is
2 2 2
ok =202 =23 pi ()

- 2[0.3(1.4)2 +0.2(-0.6)" + 0.5(—0.6)2}
:2[0.3(1.96) +02(0.36) +0.5(0.36) }

=2[0.588+0.0.072+0.180] = 2[0.84] =1.68

The dominance variance by definition is
2
b =% pij (i)
i
=0.09(0.5)* +0.06(0.5) +---+0.25(<0.5)*
=(0.5)*[0.09+0.06+---+0.25] = 0.25

b. The additive variance calculated by the computing formula is
o2 =Y PGP — 2 =0.3[0.3(5)+02(3)+0.5(2)]
i

+0.2[0.3(3)+0.2(1)+0.5(0)

+0.5[0.3(2)+02(0)+0.5(1) " - (1.7)?

=0.3(3.1)° +02(1.1)> +0.5(1.1)* = (1.7)?

=0.84
oA =202 =2(0.84)=1.68

The dominance variance calculated by the computing formula is
2 2 2 2 2 2
oD =0G —OA =[ZZ Pij Gij — J“’A
i

- [0.09(5)2 +0.06(3)% +--+0.25(1)° - (1.7)2} ~1.68=1.93-1.68=0.25



0.3(5)+02(5)+0.54)=45 o =45-3.75=0.75

03(5)+02(5)+0.54)=4.5 ay =4.5-3.75=0.75

03(4)+0.2(4)+052)=3.0 a3=3.0-3.75=-0.75

Exercise 8.5.
a. The additive effects are computed by definition as follows:
A A, A
0.3 0.2 0.5
AA, AAy AjA;z
A 0.3 0.09 0.06 0.15
5 5 4
A2A1 A2A2 A2A3
A, 0.2 0.06 0.04 0.10
5 5 4
AsA, AsA, AsA;
A; 0.5 0.15 0.10 0.25
4 4 2
0.75 0.75 -0.75

G..= u =375

The additive effects per se are o =0.75,a, =0.75,a5 =—-0.75

The dominance effects by definition are

5ij :Gij —(,u+ai +aj)

811 =5-(3.75+0.75+0.75) =-0.25
812 =5-(3.75+0.75+0.75) =-0.25
813 =4—(3.75+0.75-0.75)=0.25
82 =5-(3.75+0.75+0.75) =-0.25
823 =4—(3.75+0.75-0.75) = 0.25
833 =2-(3.75-0.75-0.75) =-0.25

The additive variance by definition is
2 2 2
GA=2Ga 222 pi(ai)

_ 2[0,3(0.75)2 +0.2(0.75)* + 0.5(—0.75)2J

=2[0.3(0.5625) +0.2(0.5625) +0.5(0.5625)}

=2[0.16875 +0.1125 +0.28125] = 2[0.5625] = 1.1250

The dominance variance by definition is

op = ;? pi ()

=0.09(—0.25) +0.06(~0.25)" +---+0.25(—0.25)’

=(0.25)7[0.09+0.06 +--- +0.25] = 0.0625

b. The additive variance calculated by the computing formula is



od =3 piGL -1 =03[03(5)+0.2(5)+0.5(4)]

i
2)]* - (3.75)?

~(3.75)°

+0.2[0.3(5)+0.2(5) +0.5(
(

2

+0.5[0.3(4)+0.2(4)+0.5

=0.3(4.5)> +0.2(4.5)° +0.5(3.0)
=0.5625
o4 =205 =2(0.5625)=1.1250
The dominance variance calculated by the computing formula is

oh =02 —a,i{zz_pi,-eﬁ —;ﬂ}ai
i
- [0.09(5)2 +0.06(5) +---+0.25(2)° —(3.75)2J ~1.1250 =1.1875-1.1250 = 0.0625

Exercise 8.6.
a. The solution to this part of the exercise is presented in my notes in equations (8.80), (8.81), and (8.82)
and will not be repeated here.

b. The ratios of the different variances are presented in equations (8.85), (8.86), and (8.87) in terms of the
favorable allele p. To obtain expressions in terms of the unfavorable allele g, we simply substitute 1 — g =p in

those expressions as follows:
2
°p__ P 1-¢

1-q .
= = from equation (8.85)
ox 20-p) 2[1-(1-0)] 2

2 — 211—(1-
ﬂ—z(l p): [ ( q)]: 29 from equation (8.86)

ot 2-p 2-(1-q) 1+q

ob_ p _ 1-q _l-g
o 2-p 2-(1-q) 1+q

from equation (8.87)

c. Instead of plotting the various ratios as a function of g (which would involve different software), I will
simply give the value of the particular ratio for different values of  from 0 to 1 in terms of tenths.
Dominance variance to additive variance:

q: 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
o /o 0 45 2 1.17 075 05 033 0214 0.125 0.055 0
Additive variance to genotypic variance:

q: 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
oa/od 0 0.18 033 046 057 067 075 082 089 095 1
Dominance variance to genotypic variance:

q: 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
O'% /0'(25 1 082 067 054 043 033 025 0.18 0.11 005 O

d. It is emphasized that in our derivation here we have assumed complete dominance. With that

assumption we observe that the ratio of a% to ai is less than one for the higher values of q (1/3 to 1) or, in

terms of the favorable allele, for the lower values of p (0 to 2/3). This would imply that we have a lot of low to
intermediate allelic frequencies for the dominant favorable alleles, instead of higher frequencies, as one might
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surmise due to selection. Hallauer and Miranda, 1988, Quantitative Genetics in Maize Breeding, second edition,

p- 116, reported the ratio of 0'% to ai for many traits. They also reviewed the literature for the average level of
dominance (see p. 122 in Hallauer and Miranda).

Exercise 8.7.

a. As p; (= p) approaches one, the ratio of ai / aé approaches zero. The frequency of the recessive

genotype goes to zero and the slope of the regression line approaches zero. Hence, the additive variance (the
variance due to regression) is decreasing. The total genotypic variance is also decreasing, but the additive

variance is apparently decreasing faster than the total genotypic variance because the ratio of 0/2\ / 0'(23 is going to
zero. The fact that the additive variance is decreasing faster than the genotypic variance is not easy to see.

b. As p, approaches zero, the ratio ai / 0(2; approaches one. The frequency of the recessive genotype
goes to one, while the frequency of the heterozygote and that for the dominant homozygote go to zero. The slope

of the regression line would essentially increase and in so doing the 0% would approach zero and o% would
approach aé so the ratio ai / 0(2; approaches one. More specifically the slope of the regression line for
complete dominance (Gy; =G, ) is [equation (8.63)]
a=p (G ~Gj2)+ P2(G12 ~Gy2)
=p1(G11=Gi1)+ P2(Gi1 —G22)
= P2 (G11—G22)
which is equal to (Gll - Gzz) as Pp(=Qq)—1. Thus, the regression line converges on the genotypic values of

the heterozygote and the recessive homozygote. The genotypic value G;; has weight of zero. The additive and
genotypic variances are the same.

c. All variances and their ratios depend very much upon allelic frequencies. Heritability (with no
environmental variance) would change from 0 to 1 in the limit as the frequency of the recessive allele goes from 0
to 1.

Exercise 8.8.
a. When the heterozygote lies half the distance between the favorable homozygote G;; and the

11

. G +G . .
midhomozygote % , the heterozygote genotypic value is G;, =Gy, +%(GH - Gzz) . The level of

dominance is a =% (Comstock and Robinson’s notation, 1952) (see p. 8.67). Then the additive variance from

equation (8.51) is
2
oA =2p 2| P1(Gi1 —Gi2)+ P2 (G2 —Ga2) |

2
=2I01I02[P1%(Gn ~Gy)+ Dz%(Gn—Gzz)}

2 (GII_G22)2
16

=§p1p2[P1+3pz]2(Gn—Gzz)2

=2p P2 [Py +3p;]

The dominance variance from equation (8.52) is



b =pp3 (261, -Gy -Gy )’
= pi p3 {2[622 +4(Gpy —Gzz)]—Gn —Gzz}z
= pip3 {%[4G22 +3Gy; —3Gy |-Gy —622}2
= pip3 {%[Gzz +3Gy;]- Gy —Gzz}2

The genotypic variance is
2 2

Ucz; =0ptOD
=< PP [Py +3p, (G -G )’ +1p? p3 {G11 ~Gn )’
=< PPz | (1 +3p,)’ +2P1P2J(G11—Gzz)2

B 2
—Lpipa| P +6P1p +9P3 +2piPy [(G11 ~Goa)

: 2
=§I01I02_I012+8I01I02 +9P%J(Gn—622)

Next we consider the ratios of certain variances. The ratio of the dominance variance to additive variance
is

i: %pfpg{Gn—Gzz}z
oA %Dlpz[p1+3pz]2(611—(322)2
__2pip
[I01+3I02]2

or that ratio in terms of p; only is (we express the ratio entirely in terms of p; so that we can more simply take
the derivative of that ratio with respect to p; to determine the value of p; when the function is a maximum or
minimum)

i_ 2p P,

oA [p+3p,]
_ 2p(1-p1)
[D1+3(1—P1)]2

_ 2p -2pf
[I01+3—3I01]2

:2p1_2p12

[3-2p ]

2p -2pf

9-12p, +4pf
The ratio of the additive genetic variance to the genotypic variance is




oR _ Loipa[py+3p2 ] (G -G )’

o& L pipa| pf+8pipy +9P3 |(G1 - Go)’

2

_ [Pp+3p,]
pi +8p P2 +9p3
_ P +6pipy +9p3

2 2
P +8p Py +9p3
or that ratio in terms of p; only is

A _ PLH6pPy+9p3
o pt+8ppy+9p3

_pE+6p (1= py)+9(1-py)’
pZ +8py (1-p)+9(1-p;)’

_ PP +6p —6p7 +9-18p; +9pf
pi +8p; —8pf +9-18p; +9pf

_9-12p; +4pf
9-10p, +2pf
The ratio of the dominance variance to the genotypic variance is

b _ L p?p3 {G11 -G}
g %plpz[Plz+8plpz+9pﬂ(611—ezz)2
2ppy

T2 2
P +8p1p2 +9p2
or that ratio in terms of p;only is
2
oD _ 2p;py
2 2 2
oG P +8pPp2+9P;
3 2p(1-py)
=— 5
pi +8p; (1= py)+9(1-py)
2
_ 2p —2p
a2 2 2
P +8p; —8p; +9-18p; +9p;j
2
__2p—2pi
9-10p; +2p?
We plot the various ratios by simply tabulating the relative values for the additive, dominance, and total
genotypic variances for increasing values of p; in one tenth units for the level of dominance of a =% as follows:
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) ) 3) 2)(1) (1Y(3) (2)/(3)

ai a% aé a% /Ji ai /0'(23 a% /0'(23
Py (m+3p2)° 2Py (P +3p2)° +2p1p2
0.0 9 0 9 0 1 0
0.1 7.84 0.18 8.02 0.023 0.978 0.022
0.2 6.76 0.32 7.08 0.047 0.955 0.045
0.3 5.76 0.42 6.18 0.073 0.932 0.068
0.4 4.84 0.48 5.32 0.099 0.910 0.090
0.5 4.00 0.50 4.50 0.125 0.889 0.111
0.6 3.24 0.48 3.72 0.148 0.871 0.129
0.7 2.56 0.42 2.98 0.164 0.859 0.141
0.8 1.96 0.32 2.28 0.163 0.860 0.140
0.9 1.44 0.18 1.62 0.125 0.889 0.111
1.0 1 0 1 0 1 0

It appears that a% / 0'%\ and O'ZD / aé are maximum between 0.7 and 0.8, and Gi/ O'é is minimum

between 0.7 and 0.8. First we desire to find the value of p; when the ratio of UQD / ai is a maximum. We do
that by taking the derivative of the ratio with respect to p;. The ratio is
2 2
ob __ 2P =2pi
oa  9-12p +4pf
From any calculus book we know that

u
d() Jdu_ dv

V) __dx dx
dx V2
d i
o2 ) (9-12p +4p7)(2-4p;)-(2p ~2p7 )(-12+8p))
- 2
dpy (9—12p1+4p12)

algebraic simplification omitted

_16pf —36p, +18

- -
(9—12p1+4p1)

_(4p-3)(4p -6)

(9—12p1+4p12)2

0

3
4

0
922%

4p; -3

Y|
4p1 -6

For finding the values of p; when the ratio of G,ZA / O'é is a maximum, we proceed in a similar manner.
The ratio is
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a_f\_9—12p1+4p12
0'(2; 9—10p1+2p12

2
d| A
{aéJ_ (9-10p+2p7 )(~12+8p;)~(9-12p; +4p} ) (~10+ 4py)

2
dpy (9—10p1+2p12)
algebraic simplification omitted
_ —18+36p, —-16pf
= 2
(9—10p1+2pl)
_16pf -36p, +18
= "T
(9—10p1+2p1)
:(491—3)(4p1—6):0
2
(9—10p1+2p12)
4p1_3=O
p1=%
4p;-6=0
pzZ%

Likewise for the ratio of 0% / 0(23 , we have

o& 9-10p +2p}
2
dl °D
[Uczj (9_10pl+2p12)(2—4pl)—(2p1—2p12)(—10+4p1)

dor (9—10p1+2p12)2

algebraic simplification omitted

_ 16pf —36p, +18
N 2

(9—10p1+2p12)
_(4p -3)(4p -6)

(9—10p1+2p12)2

=0

All three ratios have either a maximum or a minimum for p; = 0.75.
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b. The graph for the ratio of a% / a% for the level of dominance of a :% is considerably altered from

that presented in the notes on p. 8.54 for complete dominance (a = 1) . With no dominance (a = O) the ratio of
O'% / O'% is always zero for all values of p;. As the level of dominance increases, the graph for the ratio of

0% / ai becomes positive for intermediate values of p; and increases as the level of dominance increases from a
=0toa=1. The value of p, for the maximum value of the ratio also increases as the level of dominance

increases. From a rough plotting of the ratio of 0'% / ai we find that for a = 0.8, the maximum value of the ratio

is a little less than 1 for p; equal to about 0.9. The graph starts at zero for p, = 0 and returns to zero for p; =1, as
the graphs for all levels of dominance do except for complete dominance (& = 1). For a = 0.9 the maximum value
of the ratio rises rapidly to over 2 for p; equal to about 0.95 and declines precipitously as p; approaches 1.
Obviously as the level of dominance approaches 1, the maximum values skyrockets to very large values
corresponding to increasingly larger values of p; as p; approaches 1. But in all cases the graphs drops
precipitously to 0, except for the case when a = 1 in which case the graph does not return to zero for p; =1 but
continues to infinity.

Yes, the conclusion regarding the frequency of the dominant favorable allele being low is altered. The
results for partially dominant alleles (a = 0.7 to 0.9) completely alters the conclusion to one consistent with the
experimental results of the favorable alleles being partially dominant and having frequencies above intermediate
values.

The writer would surmise that a generalization of the above piece-meal approach is presented someplace
in the literature, but it is unknown to the writer.

Exercise 8.9.
From equation (8.51) the additive variance equals zero whenever

P1(G11—Gi2)+ P2 (G2 —Gy2) =0
or Py (Gi1 =Gi2)=-p2(Gi2 ~Gn)
If p; = p2 = 1/2, then from (8.51)
1(G11-612) =-1(G12 —Gn)
Gi1 =Gy =Gy -Gy

Gy =6y
or, alternatively from equation (8.53) for p; =p>=1/2
G1-Gn _,

2
G =6xp
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Exercise 8.10.

B;B; BB, B,B, Frequency Mean
T(4)+i@+L©
16 8 16 —
AN | 4 4 2 T =35
4
1|1 1|1
16 8 16 4
13)+13)+1)
8 4 8 _
AA, |3 3 1 T =2.5
2
1 1 1 1
8 4 8 2
L(2)+1@)+:L(0)
16 8 16 —
AA, | 2 2 0 T =1.5
4
1|1 1 |1
16 8 16 4
3 3 1 1 2.5

Applying equations (8.51) and (8.52) for the A and B loci separately

2
Gia =2p;p2[ Pi(Gr1 —G12)+ P2 (Gi2 —Gn2) |

((E6s-29) s

~43+4]
aéa =0
242+ 4-0]
3]
_1
2
Uéb =pp3 (26, -Gy —622)2

() () -3
=L6-4?
_1

4
0|2 =0 because €;1 =€, =€;; =€y, =0 [see equation (8.162)]

No, linkage disequilibrium would not affect the mean of this population because there is no epistasis [see
(8.171)].

Yes, linkage disequilibrium would affect the variance because even with no epistasis the gametic variance is
affected [see equation (8.173)]. But what about other variances?
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Exercise 8.11.
There are four additive-by-additive genetic terms in the linear model for every pair of loci. For example,
for loci A and B we have the following terms

--~+(0wc)aimbl,<T1 +(aa)aimbkf +((Za)aifb&n +(aa)aifbkf +eee

Hereafter we will consider a total of only two loci. Each effect is defined as the residual effect in a two-way table
of mp Aalleles and mg B alleles, namely,
B1 Bz e BmB

A

A

Ama

For the first term every (aa) aly" effect is defined as the residual in a cell in the above table where both A and B

alleles are present in the same male gamete, namely,
e, .om_.m
(aa)aimb&“ =Gjx. —u Ay~
and its variance is defined
) Ma Mg mom 2
o = aa
™ =2 PR (|
Each of the four terms is similarly defined and is equal to each other. Each contributes the same amount of
variance to the total additive-by-additive variance. Thus the total additive-by-additive variance is

G%A =40?

(aa )mm

Linkage equilibrium permits one to write the frequency of each (aa)mm as a product p;n pf)n and likewise for
each (aa) ™ Random mating permits one to write the frequency of each (aa)mf as a product pgn pbf and

likewise for each (aa) fm

Exercise 8.12.

There are various ways to assign genotypic values to the nine genotypic combinations from simply
intuitively writing down a set of nine genotypic values to one or more formal approaches of assigning values to
the effects in the genic factorial model given in equation (8.128). For instructional purposes we apply a more
formal approach. Note that the e;j are defined in (8.161) and are defined slightly differently from those in
Cockerham, 1954, Genetics 39:859-882. The genotypic values assigned are not unique.

a. Only additive variance exists.
We write the model

m f m f
Gijkl = U+ +0[aj + pk +ab|

and assign values to the following effects: x =3, aarH =%, a;nz = —%, agl =%, a;z =—=, a{,‘{ z%, a{,“z =—=

N [—

abfl = %, and at:(z = —%. (Alternatively, we could have simply selected any value for the mean, say p =10, and

integers 1 and -1 for the a effects.) All other effects in (8.128) equal zero. The genotypic values are:
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BB, (1/4)  B;B,(12)  B.B,(1/4) G e
AA, (1/4) 5 4 3 4 1 2
AA; (1/2) 4 3 2 3 1 0 0
AA; (1/4) 3 2 1 2 2 0 0
G.i 4 3 2 3

b. Only dominance variance exists.
We write the model

Gijki = # + Gaij + Spid
and assign values to the following effects:
H=2, 5311 ==%, a12 =% 0a22 =—%» 11 =—%» Op12 =35> Opop =—- (Alternatively, we could have simply

selected any value for the mean, say i = 10, and integers 1 and -1 for the J effects.) All other effects in (8.128)
equal zero. The genotypic values are:

Guur=2+(-4)+ (4]

G112 =2+(—%)+(%)=2

Gyypy =2+ (—%) + (—%) =1

BB, (1/4)  BB,(1/2) BB, (1/4) Gy, e

AA; (1/4) 1 2 1 1.5 1 2
AA; (172) 2 3 2 2.5 1 0 0
AsA, (1/4) 1 2 1 1.5 2 0 0
G.u 1.5 2.5 1.5 2

¢. Only additive and dominance variances exist.
We write the model

m f m f
Gijki = 4+ aaj + 0gj + Gajj + Apk + ) + Opk

and use the same effects in (a) and (b) above. The genotypic values are:



BB, (1/4)  BiB,(12)  B.B,(1/4) G e

AA, (1/4) 5 5 3 4.5 1 2
AA; (1/2) 5 5 3 45 1 0 0
AA; (1/4) 3 3 1 2.5 2 0 0
G 45 45 2.5 4

More simply, one can simply add the corresponding genotypic values in (a) and (b) above to obtain a set of
genotypic values for (¢).

d. Only additive and additive-by-additive variances exist.
We write the model
ff
ajq

fm
ajbk

mf
ajby

Giju =y+ag: +056Ij +0{Q: +0{JI +(aa),, +(aa)

Zm +(aa)

|bk
The same general principles developed in (a) to (c) above can be applied here, namely, regarding each term in the
model as a variable which takes on a different value depending upon the allele in the genotype. With equal male

+(aa)

. . . . f .
and female allelic frequencies at each locus, which we are assuming here, o g_] and ¢, are the same variable
i j

— _f m f _m_ f . .
(a =a —aai ), as are abk and ab, (abk —abk —abk ), and likewise

(aa):g( ,(0{0{)2::JI ,(aa);rjnt)k , and (aa):jbl are the same variables

((aa)a_bk = (aa)zgl = (aa):];l = (aa):_nbk = (aa):_bl j . We assign the following values to the effects: =4,
i i i ] ]

a!ﬁ =1, agnz =-1, a{L =1, a;z =-1, atrﬂ =1, atr)nz =-1, abfl =1,and abfz =—1. For the additive-by-additive
; ; . -1 —_1 —_1 -1
effects, we assigned the following values: (oeaz)albl = 4’(aa)a1b2 = 4’(aa)a2b1 = 4,(aa)a2b2 =

(Alternatively, we could have simply selected any value for the mean, say p = 10, and integers 1 and -1 for the o
effects and likewise 1 and -1 for the aa effects.) All other effects in (8.128) equal zero. The genotypic values
are:

Gii11 =4+1+1+1+1+(%)+(%)+(%)+(%):9

=6

1_1
T4y

Glllz =4+1+1+1—1+%—%

Gy =4-1-1-l-l+p+ +r+5 =1
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BB, (1/4) BB, (122)  B,B,(14) Gy e
AA, (1/4) 9 6 3 6 | 2 en—en
AA; (172) 6 4 2 4 1 1 1 0
AL, (1/4) 3 2 | 2 2 1 | 0
G.u 6 4 2 4 ej—ey O 0

Every ej; equals one, and all row and column differences equal zero, as required for only additive-by-additive
epistatic variance (see Section 8.3.3, pp. 9.98 to 9.119).

Or, intuitively, from statistical knowledge of the response surface of a two-factor factorial experiment
involving quantitative factors with only A-linear and B-linear main effects and A-linear by B-linear interaction
effect, one can simply write down the above genotypic values.

e. Additive, dominance, and only additive (at the A locus)-by-dominance (at the B locus) epistatic
variances exist.

In a similar manner to the above one can devise a table of genotypic values by simply adding the
corresponding terms in the genic factorial model. Or, more simply from intuition, one can write down the
following genotypic values.

BB, (1/4) BB, (1/2) B,B, (1/4) Gj;. €ij
ALA; (1/4) 3 1 2 1.75 | 2 en—en
ArA, (1/2) 3 2 2 225 1 1 B 2
ALA, (1/4) 2 2 1 1.75 2 1 -1 2
G 2.75 1.75 1.75 2 ejeey 00

We note that from the marginal means for the B locus we have both additive and dominance variances. Also we
have additional dominance variance from the marginal means for the A locus. There is no additive-by-additive,
no dominance-by-additive, and no dominance-by-dominance epistatic variances because with equal allelic
frequencies €1 +€p +Ey+Ex = 0, €1 1+€n =61 —€n= 0, and €1 =€ =€ +Epn = 0 [see equation (8163),
p- 9.103].

f. Additive, dominance, and only dominance (at the A locus)-by-additive (at the B locus) epistatic
variances exist.

In a similar manner to the above one can devise a table of genotypic values by simply adding the
corresponding terms in the genic factorial model. Or, more simply from intuition, one can write down the
following genotypic values.

BB, (1/4)  BB,(1/2) BB, (1/4) Gy, e

AA; (1/4) 4 3 2 3 1 2 en—en
AA; (172) 2 2 2 2 1 1 1 0
AsA, (1/4) 2 1 0 1 2 1 1 0

G..kl 3 2 1 2 elj — ezj 2 2
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We note that we have additive variance only from the marginal means for the A locus and additive variance only
from the marginal means for the B locus. There is no additive-by-additive, no additive-by-dominance, and no
dominance-by-dominance epistatic variances because with equal allelic frequencies €] +€5 +€,; +€5, =0,

€1 =€ +€y —€xn ZO, and €1 =€ €1 +€xn =0.

g. Additive, dominance, and only dominance-by-dominance epistatic variances exist.

In a similar manner to the above one can devise a table of genotypic values by simply adding the
corresponding terms in the genic factorial model. Or, more simply from intuition, one can write down the
following genotypic values.

BB, (1/4)  BB,(1/2) BB, (1/4) Gy, e
AA; (1/4) 3 3 2 275 1 2 e — e
AA; (1/2) 3 4 2 325 1 1 1 2
AA, (1/4) 2 2 1 175 2 -1 1 2
G.u 2.75 3.25 1.75 275 ej—ey 2 2

We note that we have both additive and dominance variances from the marginal means for both the A and B loci.
There is no additive-by-additive, no additive-by-dominance, and no dominance-by-additive epistatic variances
because with equal allelic frequencies €1 +€5 +€,1 +€5, =0, € —€, +€;—€ =0, and

€1 +€p € —eyp=0.
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Exercise 8.13. This exercise is similar to Example 8.5, pp. 8.105 to 8.117.

B1B1 B1B2 B2B2
1/4 1/2 1/4
Gn=Gun Gy =Gz Gy =G

ALA, =4 =2 =3 Gy =Gy =4-4+1.2+1.3-23

1/4 1/16 2/16 1/16 G, -G.=1
23 _9 7
16 16 16
Gi=Gun G =G Gio= G

A1A2 =4 =3 =1 Gl.:Gl2..:%.4+%'3+%'1:2%

1/2 2/16 4/16 2/16 G -G ==
23 7 _25
16 16 16
Go2 = Goy Goi = Gz Goo = Goo

AsA, =3 =2 =1 Gy =Gy =4-3+3-2+5-1=2

1/4 1/16 2/16 1/16 Gy -G =—7%
7 _9 _25
16 16 16
Gr=G11 G1=G Gy=G, G =G _={l=23

1 1 1 1 1 1 1 11,1,
Z4+2'4+4 3 Z'2+2 3+4 2 Z'3+§1+4 1

—33 —o1 11
_34 _22 _12

_1 Cc -_1 _Gg =_17
G,-G =% G1-G = Go-G.=—1

a.i. The total genotypic variance by the definition formula is

2 2 2 2 2
oG =ZZ Pij (Gij —G..) :%(%) +%(—%) +...+%(_%_§) :%
)
a.ii. The genotypic variance due to locus a by the definition formula is
2 2 2 2 2
7,0 (00 G A 4
I

a.iii. The genotypic variance due to locus b by the definition formula is

2 .Sy (6. g o1 Q)z L(_L)Z L(_ﬂ)z_ﬁ
be_zp-J(G-J G--) _4(16 *2\716) T4\"16) 236
j
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a.iv. The interlocus or epistatic variance between loci a and b by definition formula is

B1B1 B1B2 B2B2
1/4 172 1/4
AA, 4 2 3
S _41.3 ,19_63 S o413 (_1)_43 S 41,3 (_17)\_27
G =76 16" 16~ 16 Gy =1 +16+( 16)_16 G0 =1 +16+( 16) 16
1/4 1/16 2/16 1/16
1 _11 21
16 16 16
AA; 4 3 1
S 41,3 . 19_63 > 41,3 (_1)_43 > 41,3 (_17)_27
G2 =16+76"16 = 16 Gi1=7 +16+( 16)_16 Gio=16+ +( 16) 16
1/2 2/16 4/16 2/16
1 5 11
16 16 16
A)A, 3 2 1
3 41 19 _51 S 4l (_9 _1\_31 & 41 (_ _17)_15
GO2_E+(_R)+E_1 GOI_I6+( 16)+( 16)_16 GOO_I6+( 16)+( 16)_16
1/4 1/16 2/16 1/16
_3 1 1
16 16 16
o =200 (650 ) AR () -
Wap — 2e 22 Pij | Bij ~16\16) T16\ 16 16\16) ~ 256
J
Check
2 2 _ 27 163 , 65 _ 255
0G =0y toy 0y =756 7256 256 ~ 256
a.v. The additive variance at locus a by definition formula is
Al A2
172 172
— —_11_»3 — —_11_»n3 11, 111 _11_+»3 _ -3
Ay GZ._GII.._4_24 Gl _GIZ._4_24 Gl..._24+24_4_24 Gl‘.. G ~16
P1.
1/2 P2 =P =% 5P =1
A, G| =Gy =4l=22 | Gy =Gy, =2 G, =+i+l2=0-23 G, -6 =-2
P1.
1/2 5" p21..:% Po.= P22 =7
111 111 111, 1, - 111,119
G.l.._24+24 G.2._24+22 G.._G,.._24+28
_1 _19 _41
4 8 16
_n3 -n3 29
=2y =23 =216
_3 _ —-_3
Gl _G...._16 GZ G_ 16




2
A =22 m (-6 =243 44 |-

a.vi. The dominance variance at the locus a is:

A, A,
172 172
Ay G, =Gy =1-23 G| =Gy =Ll=23
S _ 41,3 3 _47 S 41,3 (_3)_41
12 G =16 +t16t16 = 16 Glz~-_16+16+( 16)_16
-3/16 3/16
A2 Gl =G21 2%22% GO :GZZ =2
S _ 4l (_3)\,3_41 3 41, (_3 _33)y_35
12 GZI_I6+( 16)+16_1 G, =7 +( 16)+( 16)_1
3/16 -3/16

|
-
|

75, =T 20y (0. -6 4] 4] A AR

a.vii. The total additive-by-additive variance is equal to

2 2 +O'2 2 +O'2

o =0 mm mf to fm ff
Ahap (aa)ab (aa)ab (aa)ab (aa)ab

We must calculate each of the four variances separately. We consider o’
(0124

mm
ab

ale

first. To do so we must construct

a 2 x 2 table where one side or factor of the table represents the possible A alleles contributed by the male parent
and the other side or factor of the table represents the possible B alleles contributed by the male parent. We desire
the genotypic value in each cell in such a 2 x 2 table. To visualize this procedure, it is convenient to expand the
initial 3 x 3 table to a 4 x 4 table so that we can clearly identify all male alleles of loci a and b.



22

BB, BB/ BB BB/

1/4 1/4 1/4 1/4
AlmA]f Gn=CGun G21 =G G211 =G G =Gun
1/4 4 2 2 3

1/16 1/16 1/16 1/16
AlmA; Gi2=Gnn Gii =G Gi1 =G Gio =G
1/4 4 3 3 1

1/16 1/16 1/16 1/16
AEnAlf Gi2=Gan G =Gaun G =Gai Gio =Gan
1/4 4 3 3 1

1/16 1/16 1/16 1/16
AénAzf G =G Go1 =G Go1 = Gony Goo =G
1/4 3 2 2 1

1/16 1/16 1/16 1/16

Thus, to calculate the genotypic value for any combination of A alleles from the male parent with any
combination of B alleles from the male parent, we have

Gik. =22 PjPiGij
|

i
For example, Gy 1 =y Gy111 +5Gi112 +4 G211 + G212 =5 (4) +5(2) +5(4) +5(3) =35

Note that this is the upper left 2 x 2 table in the above 4 x 4 table. In like manner, we obtain the genotypic values
for the three remaining cells in the 2 x 2 table:



B" BY'
_1 1

P1=7% P2=7

Gy G,

—1lgy19, 14, 12_121 1y 17,17, 17_»1 113, 19_53

—44+42+44+43 34 42+43+43+41 24 G, a7 24
m 2 _41,3,0_53 2 _41, 3, (_9)_35 m_3
A CrLi=16%76 161 Gi 16+16+( 16) 1 % =16
Pr.=>5 (aa)n 16 (aa)12 ~16

Gy Goo

144 d3,13, 102 1311419011213 _112,17_53

_44+43+43+42 3 43+41+42+41 14 G, s At3d 28
m 3 41 (_3)\,9 _47 3 4 3 ~93)_29 m__3
Ay Gr1.=9 +( 16)+16 16 G22.=7 +( 16)+( 16) 16 %, =716
P2 =7 (aa)y =16 (aa)y, =16

G =31 G, =2 G =22

W1.777% 2. = =277

m_9 m__9

T %, =716

’ A2 mm 12 2 2 2 2
A LT IR B [ T TR TR T
al [ [
Since pg_' = p;_ fori=1, 2, and pbmk = ka fork =1, 2, then
1 1
g mm :02 mf = 2 fm :GZ ff
(aa)y, (aa),, (aa),, (aa),,

For example, for o? ot consider the following table:

(0104 ab
f f
Bl B2
A1m G G,
AS" G G

The genotypic value for each G;j | cell is equal to the average of four cells in the above 4 x 4 table which have the
same values for i and |. Hence, the total additive-by-additive variance is

2 2 1 4
T anap =40 =4-L - 4
AAab (cic)™™ 256 7 256

a.viii. The total additive (at locus a)-by-dominance (at locus b) variance is equal to

2
mmf to fmf

2 2
OADab =0
({22 o (5)

ad)
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We must calculate each of the two variances separately. We consider o2 by constructing a 2 x 2 x 2 table.

mmf
abb

In the three-way table each genotypic value is averaged over the two levels of the A" factor. The predicted
genotypic value for each cell inthe 2 x 2 x 2 three Way table is calculated as follows:

éi.kl =u+ aim +a|2n +a|f + (aa)rllm + (aa) + 5

To calculate these effects we construct three two-way tables—two of which we have already constructed. The
three two-way tables are

(1) A™—B™ --averaged over the levels of the A" and BT factors
This table has already been constructed in part a.vii in which we obtained values for the following effects:

mm mm mm mm
“2_136’0‘ __%’“b] 196’% %’(a h = %’(‘w)lz 2%’(0‘0‘)21 2%’(0‘ )y = %

(2) A™- B --averaged over the levels of the A" and B™ factors

This table provides the same values for the effects as the A™ —B™ table above (because the allelic frequencies for
the male side is the same as that for the female side for locus b), namely,
m_3 m_ 3 f_ 9 f 9 mf 1 mf_L mf_L mf__L
% T16°%, ~ " 16°%, “16°%, = 16’ (aa);; =—1g.(aa), =1¢.(aa)y =1¢.(aa)y =—1¢
(3) B™ - Bf --averaged over the levels of the A™ and A" factors
The table is

f f
B, B,
Blm G..ll G..IZ
—lg 1, 1g,.173_1233 1y, 13, 13, 1~n_»nl —31
—44+44+44+43 34 42+43+43+42 22 G, 38
S _41.9 .9 _5 S 41,9 (_9)\_4 m_9
Cii=96*16+76 = To G~-12_16+16+( 16)_1 % =16
mf _ 1 mf __ 1
Bén G“Zl GZZ
1y 13,13, 19_»nl -1 1 1141 1 —
=23+ 3+ ,2=25 gl gle4l=17 G, =2
S 4l (9}, 9 _41 4_ 9 9123 m__9
G =y +( 16)+16 1 Gy = 16 ( 16)+( 16) 1 % =716
mf 1 mf _ 1
o,y = 16 Sy, =16
G =33 G.,=2 0
: G =29
f_9 -_9 16
Ofbl =16 b, 16

This table is analogous to that constructed in a.v for locus a. From this table we obtain the values of the following
effects:

m_9 m__9 f _ o9 f 9 mf_1 mf_L mf_ 1 emf _ 1
Yy T16°%, ~ 16’4 %, =~16>%p =16°%b, = 16°%bby = 16°byh, = 16

16°“b ~16°
Using the effects from these three tables we can construct the predicted genotypic value for each of the eight cells

in the desired 2 x 2 x 2 table for the additive (at locus a)-by-dominance (at locus b) effects. The desired predicted
genotypic values are



41,3 .9.,9 1 _1
CrLii=16"16"16 16 16 16

3 4.3 .,9_ 9 _ 1,1
CrLi2=16+16%16 16 16 " 16

41,3 _ 9.9 .,1_1
Cla1=16 16 16 716 T 16 16

3 4.3 _9_9 .11
Cil22=96+76 716 16 "16 T 16
16 16 16 16 16 T 16

A 41 3,9 9.1 1
Ga12

=242 24

16 16 16 16 16 16
3 _41_3 9 9 1 1

G211~ 16 " 16 t16 16716~

16 16 16 16 16 16

Grp=4_3_9_ 9 _ 1_1
22277616 16 16 16 16

mm mf mf
ik +(aa)” + 5k|
1 _61
16~ 16
_1_43
1616
_1_43
1616
1 _29
t16 =16

G2'11 —ﬂ_i+i+i+L+L+L—ﬂ

16~ 16
1.3
16 16
1.37
16 16
1_19
16 16

For the desired 2 x 2 x 2 table for the additive (at locus a)-by-dominance (at locus b) we present two 2 x 2 tables.
The first 2 x 2 table is one for the A™ x B™ factors at the first level of the B factor, i.e., Blf . The second 2 x 2

table is one for the A™ x B™ factors at the second level of the B factor, i.e., 82f . The first 2 x 2 table at the

Blf level is

B/" BY'
Gl.ll_%4+%4:4 Gl.21:%2+%3:2%
A" G = G =12
_3 _ 3
(“5L11 16 (“5L21_ 16

A | Gon=g Gy =3
3 3
Gu-yardionl Ga-iiedioad
The second 2 x 2 table at the 82f level is

_14,15_ 31
=74+53=3y
_17.15_

=337t23=3
_113,153_31
=74 1723533



26

B" By’
_1oi13291 PRI 15,19 91
6112—22+23 22 6122 23+21 2 GZ..I 22+22 24
m S 29
A Gri2=1% 6122__6
__3 -3
(a5)112 =716 (a5)122 =16
—1la,19_»n1 I O O 15,1713
62.12—234—22 22 62.22 21+21 1 quz 22+21 14
m 237 2 19
Ay Gri2=1¢ Gy =14
3 3
(a6 212716 (“5)222 16
—15.15_+»1 1y 1711 1917 _
Cl=73+73=23 Cp=72+51=13 Co=g93+74=2

m f 2 2 9 \__18
Since pj = P .o 5)mmf o fmf » OAD = O 5\ +o fmf 2(256) 256
( )abb ( )abb ( )abb ( )abb
Check
check 1. 0'(23=0'2 yo2 402 =21 ,163 , 65 _25

Ya Yo YWap 256 256 256 256

2 2 2 _18 , 9 _27
=0% +0, =o+or=72
Ya o A

checkii. o D, ~ 256 ' 256 _ 256

b.i. Additive variance at locus b by the computing formula, equation (8.51), is (see marginal column
means in first 3 x 3 diagram above)

Uib =2|01P2[p1(611 -Gjy)+ Py (Gpy —Gzz)}z
(-2 HT )R-

b.ii. Dominance variance at locus b by the computing formula, equation (8.52) is (see marginal column
means in first 3 x 3 diagram above)

2 2,2 2
op, = Pi P2 [2G), -Gy -Gy, ]
2 2 2 2
(1) (L S)\_15_ 3|7 _ 1|20-15-6 | __1_
_(2) (2) [2(2) 4 2} - 16[ 4 ] ~ 256
b.iii. Additive-by-additive variance by the computing formula, equation (8.163a), is

2

UiAab =4PA1 pA2 pBl sz (pA1 DBIEH + pA1 p32e12 + pA2 pBle21 + pA2 sze22)
2
=4(4 B 1)(4- 2—4+3)+%(%)(2—3—3+1)+%(%)(4—3—3+2)+%(%)(3—1—2“)}

[%(1)+%(—3)+%(0)+%(1)]2ﬁ

1
4
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b.iv. Additive (at locus a)-by-dominance (at locus b) variance by the computing formula, equation
(8.163b), is

o, =2Pa Pa, P Po, [IOA1 (611 —€12) + Pa, (621 =€ )T
20 30-0] 24T -

b.v. Dominance (at locus a)-by-additive (at locus b) variance by the computing formula, equation
(8.163¢) is

2
GéAa - 2pA1 pA2 Pg, PB, |:pBl (e11-€21)+ Ps, (12 —€x )]

“2(3)EE)EB0-0+3(1] =H[5-4T =%

b.vi. Dominance-by-dominance variance by the computing formula, equation (8.163d), is

2 2 32 12 2 2
o = €] —€o —€+e
pD,, ~ PA Pa, P, PB, [e11 — €12 —€y1 +ep]

I C-0T -2

Checks:
2 _ 2 2 _8 .. 1 _163
check 1iii. ayb —aAb +0'Db =158 ¥ 35¢ = 256
; 2 _ 2 2 2 2 1.9 . 9 .25 _ 65
checkiv. oy, =0ps +Onp, DA, DD, =64 128 T 128 T 256 = 256

c.1 The total additive variance is

2 o2 _I8 . 81 _ 9 81 _ 00 _4s
GA_GAa Oa =256 7128 128 1128 ~ 128~ 64

c.ii. The total dominance variance is
2 2 2 9 1 _ 10 _ 5

oD =9p, tOp, =756 1256 ~ 256 ~ 128

c iii. The epistatic variance is
2 2 _ 255 _ 45 5 255 _ 180 10 _ 65

2 —_— e o ——— ———
of =0G —ok —ob = 256 64 128 256 256 256 _ 256

Exercise 8.14.

a. BlBl Ble BZBZ
2s s—r 2r
r? 2rs s’
A1A1 GZZ GZI GZO
p’ 2q 4qs 2q(s- 1) -4qr
p2r2 ZDZI’S p252
A1A2 Glz G]] GIO
2pq q-p| 2(q-p)s @-p)s—-r -2(q-pr
2pqgr? 4pqrs 2pgs’
AzAz Goz GOl GOO
9’ -2p -4ps 2p(s—r) 4pr
q’r’ 20°rs q’s’
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b.
cov(Cj5,G) = p°r? (40s)Gyy +2p°rs[ 2q(s 1) ]Gy + ps* (—4ar) Gy
(gs—qr—ps+ pr)
+2pqr? [Z(q - p)s]Glz +4pqrs[(q -p)(s- r)]Gll +2pgs? [—Z(q— p)r]Glo
+0%r% (—4ps) Gy, +2q2rs[—2 p(s— r)}GOl +q%s% (4pr)Gyo
11 12 11 12

=4 pzqrszzz +4 pzqrsszl -4 pzqr2stl -4 pzqrsszo
21 11
+4 pq2r23G12 -4 pzqrszu

22 21 12 11
+4pq2rszGH —4pq2r23G11 —4p2qr32611 +4p2qr23611
22 12
-4 pqzrszGlo +4 pzqrszGlo
21 22 21 22
-4 pq2r25G02 -4 pq2r52Gm +4 pqzrszm + 4pq2rszGOO
11 12
= 4qu5{[ PrGy, — prGy — prGy; + prGy; |+[ psGyy — psGyg — psGy + PSGlo]}
21 22

+4pars{[arG, —arGy; —qrGo, +qrGy; | +[asGy; — Gy — 3G +AsGoo |}
pr(Gy — Gy —Gyp + Gy )+ ps(Gyy —Gyp —Gyy +Gyp) }
+0r(Gyp —Gy1 —Goy +Gop ) +0s(Gyq — Gyo — Go1 +Goo )

=4pqrs(pre;; + pse, +qrey; +0se;, )

:4pqrs{

c. Note: The subscript 12 on ¢ follows the notation in statistics of linear (additive) for factor 1 (locus A)
and linear (additive) for factor 2 (locus B). The quadratic (dominance )for factor 1 would be denoted by two 1s.

=16pq°r’s? +8p2q2rs(s2 —2sr + r2)+16 p’q’ris?

+8 pqrzs2 (q2 -2qp+ p2)+4pqrs(q2 -2pg+ pz)(s.2 —-2rs+ r2)+8pqr232(q2 -2pq+ p2)
+16 p2q2r252 +8p2q2rs(s2 —-2rs+ r2)+16 pzqzrzs2
_4pqrs+2pq(sz —2sr+r2)+4pqrs

=4pgrs +2rs(q2 -2pg+ p2)+(q2—2pq+ pz)(s2 —2rs+r2)+2rs(q2 -2pg+ pz)

+4pqrs+2pq(s2 —-2rs+ r2)+4pqrs
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=4pqrs—16pqrs+4pq(52—2sr+r2)+4rs(q2—2pq+ p2)+(q2—2pq+ pz)(52—2r5+r2)}
=4pgrs 16pqrs+4pq( s —2sr+r )+4q rs—8pqrs+4p rs+( 2 -2pg+ pz)( s —2rs+r )}

— 4pars 16pqrs+4pqs —8pqrs+4pqr +4q Is— 8pqrs+4p s

| +0 252 _2q%rs+q%r? —2pgs? +4pars—2par? + p2s? — 2p rs+p r?
6 4 8 2 9 7 5

=4pgrs 2pqs +2par? +2q°rs+2p2rs+q°s? +q’r? + 4pars + p2s” + p2r?

12 3 4 5 6 7 8 9

=4pqrs_p2(r2+2r5+32)+2pq(r2 +2rs+32)+q2(r2+2rs+52)}

=4pqrs_(p2 +2pq+q2)(r2+2rs+szﬂ
=4pqrs_

d.
cov(cy,,G) _ 4pqrs( prey; + psej, +qrey; +qsey, )
o2 4pqrs

Ci2

regression coefficient = ¢ 5 =

= Prey; + psepp +qrey; +qsey;

e.
2
,G
G'zAA o 2 COV(Clz,G) M?G)COV(Clz,G) M
Cy Ci2
2
B [4 pars(prey; + pse;; +qrey; +gsen, )J
a 4pqrs

2
=4pqrs( pre;; + pse;, +qrey; +qsey, )
which is equation ( 8.163a).
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Exercise 8.15.
a. We construct the following diagram so that we can calculate the gametic values.

A]Bl AIBZ AzBl Asz

0.25 0.25 0.25 0.25
AlBl Gllll G1112 G1211 G1212 Gl.l. =4
0.25 4 4 4 4
AIBZ GllZl G1122 G1221 G1222 Gl.2. =3
0.25 4 2 4 2
AZBI C12111 G2112 C12211 G2212 GZAIA =3
0.25 4 4 2 2
AZBZ C12121 G2122 G2221 G2222 GZAZA =25
0.25 4 2 2 2

G..=(4)+£(2) =2 =2=3.125

og =14y +1(3) + 1 (25 - (3.125) :4+%+2-(%§)2 — 236:2884100-625 _ 19 0.296875

1
2 16 64

b.i. We construct the following diagram for the case of linkage disequilibrium so that we can calculate
the overall mean.

AB, AB, A.B, AsB,
0.35 0.15 0.15 0.35
AIBI Gllll G1112 G1211 G1212 GlAlA = 4
0.35 4 4 4 4
0.1225 0.0525 0.0525 0.1225
AIBZ G1121 G1122 G1221 G1222 GIAZA = 3
0.15 4 2 4 2
0.0525 0.0225 0.0225 0.0525
A2B1 G2111 G2112 G2211 G2212 G2.l. = 3
0.15 4 4 2 2
0.0525 0.0225 0.0225 0.0525
AZBZ G2121 G2122 G2221 G2222 G2.2. = 27
0.35 4 2 2 2
0.1225 0.0525 0.0525 0.1225

G....=3.245

G....=[3(0.1225) +4(0.0525) +2(0.0225) |4 +[1(0.1225) + 4(0.0525) +2(0.0225) |2

=3.245
We can also calculate the overall mean from equation (8.171):
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G =G_+2A) Y pappeik +A%(e;—ep—€g +€5))
i K

=3.125+2(0.10)[ 1(0)+ 1(0)+4(0)+ 1(2) |+ (0.10)* (0-0-0+2)

1
4 4

=3.125+0.205+(0.01)2

=3.125+0.10+0.02

=3.245
Yes, the mean has changed because both linkage disequilibrium and epistasis exist.

b.ii. The genetic gametic variance is
og =035(4)” +0.15(3) +0.15(3)" +0.35(2.7)* —(3.245)°
=10.8515-10.530025
=0.321475

Exercise 8.16.
a. The genic factorial model for this situation is

m f m f
Gijkl = U+ gy +aaj +5aij + Opk +0{b| +5bk|

b. The variance of each term in the model, calculated by definition, is:
For the A locus:

A A,
A 5.5 35 4.5
(o] =+0.5
5 4
511 =+0.5 512 =-0.5
A, 3.5 3.5 3.5
(2% =-0.5
4 3
512 =-0.5 522 =+0.5
4.5 3.5 4
(o4 =+0.5 ay =-0.5
2 _1 2, 1(05P2=1,1_1
T =5(+0.5)" +5(-0.5)" =g +g=7
2 _1
aaaf 4

o2 =%(+0.5)2 +%(—0.5)2 +%(—0.5)2 +%(+0.5)2 =4

For the B locus: A diagram similar to that for the A locus can be set up, and it is observed that the corresponding
variances are the same as for the A locus, namely,

2 1
(24 =-
o 4
2 1
o’ =
o
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c. The total genotypic variance can be calculated by simply adding the six variances in (b) together. The
linear combination theorem for independent random variables permits the addition. The minimal genetic
conditions which must exist for the application of the theorem is random mating and linkage equilibrium. These
two genetic conditions insure independence between all of the six terms.

d. If the population represented an F, population, the minimal genetic condition to insure the application
of the linear combination theorem is independence between the two loci, i.e., for the two loci to be located on two
separate chromosomes. This insures linkage equilibrium in the F, population [see equation (3.102)]. Random
mating is also required, but random mating always occurs for an F, population.

e. If selection were initiated in both directions, the expected response would be the same in both
directions. The nature of locus A for earliness with respect to genetic variances (additive and total genotypic, and
allelic frequencies) is equivalent to locus B for lateness, and likewise the nature of locus B for earliness with
respect to genetic variances (additive and total genotypic, and allelic frequencies) is equivalent to locus A for
lateness.

f. The frequencies of both A, and B, would increase, but the increase in frequency of A,, the dominant
allele, would be less than that for B,, the recessive allele, assuming initial allelic frequencies of %2 for both loci.
That is, the frequency of the recessive allele B, would be greater than the frequency of the dominant allele A,.

Exercise 8.17.
n
a. The theorem states that if one has a linear combination Y; = z ¢ Xjj of n different random variables
=1

n
with variances 012 ,e ',(TJZ , ~-,a,%, then the variance of the linear combination is 0\% = Z CJZO'JZ when all the
=1
random variables are uncorrelated. If the variables are correlated, then the variance of the linear combination Y is

n n n
GYZ =ZCJZGJZ+2Z Z CjijCOV(Xj,Xjf)
j=1 j=1j'=1

i<y’

b. The theorem is extremely important in statistical genetics because we deal with many variables. The
exact relation among these variables is unknown, but we usually assume that they have a linear relationship, i.e.,
one variable can be expressed as a linear combination of several other variables. Estimation of the variance of
different variables is a common important task in statistical genetics, so the variance of the linear combination
theorem is frequently used in estimating variances.

c. Some examples of the application of the linear combination theorem for uncorrelated variables are:
Phenotypic variance
P =G+ E equation (8.1)--G is assumed to be uncorrelated with E

o =0k + ok

Genotypic variance
1. One locus, random mating so & and o are uncorrelated
i. p" = pif Section 8.1.1--two populations crossed
m f
Gij = U+ +0{j +5ij
2 2 2

O =0 + 0o
G o™

f +a§ equation (8.22)
(24
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il. pim = pif Section 8.1.2--one population
Gij =,u+aim +0[J-f +5ij
0 =202 + 0} ion (8.29
G =20, +0j5 equation (8.29)

2. Two or more loci, random mating, no epistasis, and linkage equilibrium so all a™ effects are

uncorrelated, all af effects are uncorrelated, and all & effects are uncorrelated as well as the individual total-
locus effects are uncorrelated

i. p" = pif Section 8.1.6--two populations crossed

n
G=u+ Z(alin +akf +5k)
k=1

n n n
2 2 2 2
o& =Zaam +Zo-0!f +ZU§
k=1 "k k=l Tk k=l K

il. pim = pif Section 8.1.7--one population

n
G=,u+2(a|'(n +akf +5k)

k=1
2 L 2 L 2
O'G=2ZO' +ZU
kel % ko %

3. Two loci, random mating, epistasis, linkage equilibrium so different epistatic effects are uncorrelated

1. pim # pif Section 8.3.1--two populations crossed

0'(2; =02m +02f +o2 +02m +02f +o’ +o? mm +o? mf +o? fm +o? ff
Qy Ay Sa 20 a Sp (aa)ab aa)ab ax)qn aa)ab
2 2 2 2 2
+o + 0o +0 + 0 + 0
mmf fmf mfm mff mfmf
(a§)abb (a )abb (5a)aab (5a)aab (55)abab

i. pi" = pif Section 8.3.2--one population
Gé =262 +0% +26% +0> +40° +20° +20° +o7?
%a 5a % 6b (aa)ab (ag)ab (aa)ab (55)ab
4. Two or more traits, indexes, one locus, random mating, no epistasis
i. p" = pif Section 8.4.2.1 --two populations crossed
| =bG; +b,G, equation (8.192)
of =02, +0>, +03 equation (8.194)
(2] a| |
1. pim = pif Section 8.4.2.2 --one population
0'|2 =207 + G§ equation (8.195)
(2] |

There are many other applications of the linear combination theorem of uncorrelated variables.

Some examples of the application of the linear combination theorem for correlated variables are:
Phenotypic variance

P =G+ E equation (8.1)--G is assumed to be correlated with E

o =0 + 0 +2cov(G,E)
Genotypic variance

1. One locus, nonrandom mating so ™ and a' are correlated
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1. pim # pif Section 8.1.1--two populations crossed
Gij =/l+0[im +Oljf +5ij

0'(2; :02m +02m +0§ -|—2c0v(ozm,ozf )+2c0v(am,§)+2cov(af ,5)
o a

ii. pi" = pif Section 8.1.2--one population
Gij :,u+0!im +ajf + 0jj
aé = 2002[ + 0(% + 2cov(am,af )+ 2[200V(0!m,5):|

2. Two or more locus, random mating so ™ and af

disequilibrium

are uncorrelated, no epistasis, linkage

1. pim # pif Section 8.1.6--two populations crossed

m f
Yk = My + oy +0[k +5k

n
Gé =|<Z:G§k +22k:kz cov(yk,yk/)
=1 '
k<k’

il. pim = pif Section 8.17--one population

m f
Yk = Mg + oy +0{k +5k

n
O'é = I(leaik +2Zk:kz cov(yk,ykr)
- K<k’

3. Two or more loci, random mating, epistasis, linkage disequilibrium
Gametic effect

n n
m m m
9" =2 o +) (aa), +--
k=1 k=1
02m = aim + O'iA n ++--+ all possible covariances between epistatic effects
9

4. Two loci, two alleles, random mating, no epistasis

2A .
Gézai +o2 + o o =0’ +0° +200V(aa,ab) equation (8.173)

a % \ PA Pa Pg, Pg, %a % %

Exercise 8.18.

The genic factorial model provides the framework whereby all effects and variances are defined. The
genic factorial model treats gene action involving several loci as a factorial experiment with several factors. This
allows one to use the ideas of factorial experiments, as exists in statistics, and apply them to genetics using the
simultaneous inheritance of Mendelian factors. It allows complex genetic interactions to be reduced to a linear
model which is fitted to the genotypic values in terms of additive, dominance, and epistatic gene effects,
corresponding to main effects of factors and to the interactions between various factors. See Chapter 8,
particularly equation (8.2) for a two-factor (one-locus) model, equation (8.128) for a four-factor (two-locus)
model with all possible interactions, and equation (8.175) for a multiple-factor (n-locus) model with all possible
interactions.

There are many assumptions involving the genic factorial model, but probably the three most important
assumptions are random mating, linkage equilibrium, and no linkage between loci.
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Exercise 8.19.

In discussing the question “Is heredity or environment more important?”, one must define the trait, have a
proper measure of variation (variance), measure in principle the environmental variance for a fixed genotype,
measure in principle the genotypic variance for a fixed environment, add the two variances together only if the

genotypic and environmental variables are independent, and form the ratio 0'(23 / (0(23 + 0'% ) =H which is the

broad-sense heritability. It is a measure from zero to one where zero would indicate no genetic variation for the
trait whereas one would indicate no environmental variation for the trait.



