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SOLUTIONS TO EXERCISES FOR CHAPTER 4

Exercise 4.1.

grandfather A B

\c/ D
\/

grandson E

04 =0u4cpy =5(0uc +0ap)= %[HA(AB) + 9AD]

:%[%(HAA+9AB)+O]:%(0AA+O):%9AA:%K >

Exercise 4.2.
The simplest pedigree diagram is to represent the two monozygotic twins as one individual C:

N
NSNS

0)()1 :H(DC)(CE) :%(HDC +9DE +0CC +HCE +) :%(0+ 0+

1+FC+0 _1 1+FC :1+0:
2 2 8

0 |—

4

The coancestry between X and Y is the same as that for half sibs.

An alternative pedigree depicting the two monozygotic twins as two separate individuals, C and C', is
also possible.



1>

Oxy =Ox(cp) =3 (Oxc +0xz)= %(%c)c' + g(DC)E)

=%[%(HDC +9cc’)+%(9DE +0cg )] z%(o"'HCC' +0+0)

Since C and C' are the same genotype being monozygotic twins, & is equal to the coancestry

g —1(1tFc| 1
XY 74l 8

of an individual with itself.

Exercise 4.3.
a. The coefficients of coancestry between all individuals in the pedigree are (see Example 4.1, pp. 4.33 to

4.38)
A B C D E F
- - - A A - - B C - D E
1 1 1 1 1 1
Al g r r 3 3 3
1 1 1 1 5
B 2 8 7 i6 32
1 1 1 5
¢ 2 i 7 32
1 1 17
b 2 B o4
1 17
E 2 o
33
F o
b. The coefficient of inbreeding of individual F" as given in the table is Fp =0pp = SLZ
c. Obtaining the coefficient of inbreeding of individual F’ by expanding backwards in the pedigree, we
have

FF = HDE = 0(—3)(C—) :%(Q_C +9__ +03C +QB_) :%(0+0+QBC +0)

e ) ou) -5 FA )%

d. Obtaining the coefficient of inbreeding of individual F by using equation (4.60), we have

FFz(%)S(HFA):%



Exercise 4.4.

a. The coefficients of coancestry between all individuals in the pedigree are (see Example 4.1, pp. 4.33 to
4.38)

>
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D= Qe Bl Bles Rfw
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b. The coefficient of inbreeding of individual F as given in the table is Fr =6pg = % .

c. Obtaining the coefficient of inbreeding of individual F’ by expanding backwards in the pedigree, we
have

Fr =0pg =0 _p)(c-) =1(0_c+0__+0pc +0p_)=1(0+0+6pc +0)
1+F 1+
=1 =1(1 =L =L 4 |- L 2 -3
= 4(6(—/1)(/1—))_ 4(4‘9AA)_ 16044 = 16( ) )_ 16[ > J_ 64
d. Obtaining the coefficient of inbreeding of individual F by using equation (4.60), we have
5 5
—(1 —(1 1)_3
Fr=(3) (P =(3) (1+3) =3

Exercise 4.5.
The table of coefficients of coancestry is

A B C D E F G
.- .- AB CD BC EF

1 1 1 1

A4 2 0 0 4 8 0 16
1 1 1 1 3

B 0 2 0 4 8 4 16
6 3 3 3

¢ 0 0 10 0 10 10 10
1 1 1 1 1 3

D 4 4 0 2 4 8 16
E 1 1 31 1 17 57
8 8 10 4 2 80 160

1 31 17 1 57

F 0 4 10 8 80 2 160
| o 3 3 3 s 51 9
16 16 10 16 160 160 160




1+1
Occ = ! +2FC = TS = % which is inserted in the table above.
The inbreeding coefficient of individual G is

_ _p 17
FG =Fpr) =08 =g

or to check that value by an alternative method of counting individuals in chains of coancestry [see equation
(4.60)]

3 4
Fg =0gp =(%) (1+FC)+(%) (1+FB)=%(1+%)+%=4—60+%=12%§=§—3

Recommend D x G (HDG = F( DG) = %) , because inbreeding would be less than C x G (GCG = F(CG) = %) .

Exercise 4.6.
a. The coefficients of coancestry between all individuals in the pedigree are

A B C D E F G I
-- - - AB A B A D CE CE F G
S
B 1 1 1 1 3 3 3
2 4 4 8 16 16 16

c N T
: S

13

b. The coefficient of inbreeding of individual / as given in the table is F; =Opg =35 .

c. Obtaining the coefficient of inbreeding of individual / by expanding backwards in the pedigree, we
have



1+6 1+6
1 =9 =O(ceyce) = 4{0cc +20cr +0pr) = %K TN ﬂ

5

2

Z% %+2‘%(9CA+6CD)+ >

{ 1+‘9A(AB)]
|:1+2(9(AB)A +0(AB)(AB))+1+%(6AA +0AB):|
{1+2[%(0AA +0,45)+5(0.44+ 2045 +HBB)}+1+%[1+FA +Oj}

2
2+1+FA +0+l(1+FA +O+1+FBJ+%(1+FAJ}

2 20 2 2 2

1,1,1,1
{2+2+4+4+4}

d. We obtain the coefficient of inbreeding of individual / by using equation (4.60). The common

ancestors are E, C, A, and B. The inbreeding of the common ancestors are Ff = %»FC =F;=Fp=0

Common
ancestor

Total

Chain of
coancestry

FEG
FCG

FCAEG

FEACG
FEDACG
FCBDEG

(
(
(
FCADEG |
(
(
(
(

FEDBCG
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Exercise 4.7.

< m O A \Bm &K O T ~

Fr =06y

HECADG
HFCADG
HECBG
HFCBG

By the chain method:
Total



Exercise 4.8.
a. For autosomal locus, using Method 1, a tabular coancestry approach

A B C D E F G H I J K

-- A -- A- -C C- D- EF BH GH 11
N
B 1 0 % 0 0 = 0 + 3 =
C 1 0 % 3 0 7 § § §
D AU S A
E o5 0 T 0®m owow
F ;0 I
G booo% b3
H € 0@ mow
J PR
K 128
Fp=0y=19=3  orFg =20 —1=2({)-1=H-5-10-5

For autosomal locus, Method 2, chain of coancestry method
i J

boon By Y, =(8) 0+ F1) =35
S Yoy =(3) 0 Fir)
-]
i -2
Total %:%
Fy =0 =45==




Exercise 4.9.
a. Using a tabular method for an autosomal locus, the coefficients of coancestry are

A B C D E F G H I
- - - - AB A B B - D - C E F G H
S
B 1 1 1 1 1 1 3 2
2 4 4 4 8 8 16 32
c T T
: RN
; N
; b5 & &
; Lo

b. The inbreeding coefficient of I is
F[ ZHGH Z% or F] :29[] —1:2(;—;)—122—;‘—2—%:3%:%

Exercise 4.10.
We need to calculate the coefficients of coancestry between the wealthy man G and the son / of his cousin
and between G and the grandson K of his half sister.

Ocy = (%)6 (14 F,)+ (%)6 (14 Fg)= 2(%)6 =2-=-L [see equation (4.60)]

fr =(8) (1+F) =3

The degree of relationship of the wealthy man to each of the two candidates is the same, so I suppose that the
money would need to be divided between the two candidates.

Exercise 4.11.
a. The coefficient of coancestry between X and Y is

HXY :e(AB)(AB) :%[QAA + 29/13 +HBB] equation (442)
_ 1| +Fy R a5 Ml ars 77 113713
—z[ 7 0+ }—Z{T+T =HarE)=ie =8

b. The inbreeding coefficient of an offspring from 4 by X is

1+F 1+F, 1+
F(AX):‘QAX:9A(AB)=%(9AA+9AB)=%( 2A+0j=—A: 2_3

c. The probability that the genotype for a single locus in X is identical by descent to the genotype in Y is
given by the coefficient of dominance coancestry for full sibs in Table 9.5 (p. 9.52)



(1+Fy)(1+Fp) (H%)(H%) %(%) 21

Oaxy = 4 - 4 4 =
Exercise 4.12.
a. S T
s \ >< \ t (s denotes a random gene from S, and likewise for #)
X Y

7 yy means that the two genes in X and a random gene from Y are all identical by descent. The two genes in X

must be a random one from S, i.e., s, and the other gene must be a random one from 7, i.e., t. Since these two
genes can never be identical by descent, given that Ogr =0, then y 3, must be zero. What the third gene is is

irrelevant because the first two can never be identical. The third gene is s % of the time and is ¢ %of the time.

1 1
Hence, y iy =5 7ss + 575t -

b S T
(ab) (cd)
s \ >< \ t (s denotes a random gene from S, and likewise for t)
X Y

Let S have genes a and b and T have genes c and d. y yyy means two random genes are drawn independently

from X and one from Y. The first random gene drawn from X maybe 1/2 a or 1/2 b. Likewise, the second random
gene from X maybe 1/2 a or 1/2 b, so we have probability of 1/4 of obtaining two a genes (a, a) and probability of
1/4 of obtaining two b genes (b, b). Then the random one from Yis 1/2 s or 1/2 ¢, i.e.,

1 (1,1 _1_1
ES %E(EG,E[?)—ZCZ,Z[? and
1 (1.1 _1.1
Jt=3(3egd)=hedd
Putting this together, we have

1/4 a 1/4 b 1/4 ¢ 1/4 d

1/4 aa 1/16 aaa

1/4 bb 1/16 bbb

--the total is 1/8, the probability of all three genes being identical by descent

Alternatively, following the labeling in the notes (p. 4.66) we have two random genes, a and b, from X

and a single random gene, ¢, from Y, i.e., . Thus, we may express y yyy as (also see derivation of Rule 8,

(ab)d ¢

pp. 4.83 and 4.84, with somewhat different notation—I have not been entirely consistent)
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yxxy =3[ Pla=a=c)+Pla=b=c)+P(b=a=c)+P(b=b=c)]
[P(a=c)+2P(a=b=c)+P(b=c)]
[P(a=c)+P(b=c)+2P(a=b=c)]

=

=

4

=

4
[29XY +2y XY] substitute equation (4.75)

= N—= |

(Oxy +0)  (coefficient of coancestry for full sibs is 1/4)

(b)-4

7 xxy in this part (b) differs from y 4, in part (a) in that with y yyy there is a chance that the two

random genes drawn from X can be identical since they are drawn from the same individual X. We have sampling
with replacement. This is in contrast to y 4, which involves the probability of the two random genes which X

carries being identical by descent. This depends upon pedigree relations.

Exercise 4.13.
The table of coefficients of coancestry is (see Example 4.4, pp. 4.44 to 4.45):

A B C D X Y

- - - - A B C C D D D D

1 1 1 1 1

A 2 0 4 4 4 4
1 1 1 1 1

B 2 4 4 4 4
1 1 1 1

c 2 2 2 2
3 3 3

D 4 4 4
7 3

X 8 4
7

Y 8

The quantities required for calculating the condensed coefficients of identity are given in equation (4.81):

RO R14 (4.86) R1 A
(1) 6XY zé‘(DD)(DD) :6DDDD =%(1+7FD)=%(1+7ecc)=%|:1+7(%)(1+6AB):|

-1 1 -19_9
- 8[“—7(2)(“—0)}_ 82 16
Comment for (1) above: In applying Rule 9, as well as many other similar rules, the important idea to keep in

mind is the parental origin of the genes in X and Y. The parental origin of each of the two genes in X is a random
one from D, and likewise for each of the two genes in Y. Hence, we translate or equate &y to Spppp -

R18 R22 see (1) above

(@) Ag5=8ppy(pp)=Bppop =%(1+ 3FD-)=%(1 + 3(%)) =H(22)=3
R28 R32 see (2) above

(3) Ay, =App)(pp) = Appspp = 5(143F5) = %(1 * 3(%)) =3(#)=3
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R3 R7 see (2) above
4) 7y =Yoo =7pop =5(1+3F5) =1 (1+3(1)) = 4(22) =

Comment for (4) above: The parental origin of each of the two genes in X is a random one from D, and again the
random gene in Y is a random gene from D. Hence, we translate or equate 04y t0 yppp -

R3 R7 see (2) above

() ¥xy =7p(pp) =7DDD = L(1+3F5)= %(1 + 3(%)) = %(%3) =3

eq. (4.13), table
©) Fy=0pp=3

eq. (4.13), table
(7) Fy=0pp =%

table

(8) Oyy =%

The condensed coefficients of identity are calculated as given in equation (4.82):

A =855 =12
=27y ~035)=2(3-3) =%
a5 =2(rxy ~0i) =23~ 15) =+
A4 =055 =04 =3 716716

A9:1_F)'(_FY_4‘9XY +AX-Y+2AX+Y+47/XY +7XY_65XY

133400244l o
Check:

A+ 0y + A3+ A4+ A5+ A6+ A7 +Ag +Ag ==+ 4 +1+d+140+0+0+0=1

Exercise 4.14.
This topic is not discussed in the present notes, but it is discussed by D. S. Falconer and T. F. C. Mackay,
1996, Introduction to Quantitative Genetics, Longman, pp. 94-96.

F'=F +(1-F)F=F+(1-F)F
=0.11+(0.89)(0.29) = 0.3681

where F' = old inbreeding of the population, F = new inbreeding of the population, and
F* = newly calculated inbreeding coefficient relative to the more remote population.

Exercise 4.15.

a. We can deduce the inbreeding coefficient of the selfed (or random-mated) offspring from a cross
between two unrelated, fully inbred lines from elementary considerations as follows: Suppose inbred A carries
two copies of gene a both identical by descent, and likewise inbred B carries two copies of gene b both identical
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by descent. Then the cross C would carry the two genes a and b. Then upon selfing or random mating of the
cross itself we would have:

Female side

a b
Y Y
a aa ab
Ya Ya Vi
Male side
b ab bb
Ya Ya Vi

Each cell has a frequency of 7 . The genotypes in the upper left and lower right are identical homozygotes, and
the genotypes in the upper right and lower left are nonidentical genotypes because inbred A and B are unrelated.
Thus the inbreeding coefficient of the selfed offspring or that of the two-way cross random mated is

F(two-way cross random mated) =%[P(a =a)+P(a=b)+P(b=a)+P(b= b):l = %(1+ 0+0+1) =%

The elements in a pedigree are normally individuals. If an element in a pedigree denotes a group of
individuals, one should theoretically employ group measures (pp. 6.142 to 6.151). However, it seems that for
certain situations simple pedigrees can give the correct answers.

i. The first simple pedigree representing this situation and its table of coancestry are as follows:
A B
C

|

D

The table of coefficients of coancestry is (F = Fp =1):

A B C D
.. - . AB <cCC

1 1

A 1 0 7 7
1 1

1 1

C 7 7
3

D 1

The inbreeding coefficient of D is Fy = ¢ =%

ii. The second simple pedigree representing this situation and its table of coancestry are as follows:
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A

|

C

\E

\ Oe—U

The table of coefficients of coancestry is (F = Fp =1):
A B C D E

>
vs}
>
oo}
(@!
)

m g O W >
= = =
= = = =

Bl D= = R— =

The inbreeding coefficient of E is F; =6p =% . Both simple diagrams give the same inbreeding coefficient as

that from elementary considerations.

Simple diagrams can represent random mating because the hybrid individual C in the first simple
pedigree (or C and D, in the case of the second pedigree) will be the same genotype whether or not there is one or
two or more C individuals. This is true because 4 and B are fully inbred, i.e., all loci are homozygous. Hence,
any number of Cs can only be heterogygous at all loci. This means that only Cs can intermate.

b. The inbreeding coefficient for the open-pollinated progeny of a three-way hybrid or that from random
mating of a three-way cross, deduced from elementary considerations, is as follows: We construct the following

pedigree and label the genes contained therein.

A B

NS
><

E F
1/2ad 1/2ad
1/2bd 1/2bd

N



Female side

a b d

Vi Vi Y
a aa ab ad
Va 1/16 1/16 1/8

Male side

b ab bb bd
V4 1/16 1/16 1/8
d ad bd dd
Vs 1/8 1/8 Vi

Thus, from elementary considerations the inbreeding coefficient of the three-way cross random mated is
F(three—way cross random mated) = %[P(a = a) + P(b = b)] + %P(d = d) = %[1 + 1] +%- 1 :%

Using the above pedigree, the table of coefficients of coancestry is:

A B C D E F G

- - - - A B - - C D C D E F

1 1 1 1

A 1 0 7 0 7 7 7
1 1 1 1

B 1 2 0 r r r
1 1 1 1

C 2 0 r r r
1 1 1

D 1 7 7 7
1 3 7

E 2 3 16
1 7

F 7 76
11

G 6

The inbreeding coefficient of G is F; =O0rr = 3 This simple diagram gives the same inbreeding coefficient as
G EF — g

that from elementary considerations.
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Exercise 4.16.
a. The table of coancestries is the same as that given in the solution for Exercise 4.15.b.

A B C D E F G

- - - - A B - - CD CD E F

1 1 1 1

Al 0 2 0 0 0 0
1 1 1 1

B 1 2 0 r r r
1 1 1 1

C 2 0 r r r
1 1 1

D 1 2 2 2
1 3 7

E 2 3 16
1 7

F 2 76
11

¢ 16

One can represent the amount of inbreeding of the offspring from random mating among equal
proportions of £ and F individuals by the inbreeding of individual G because the coefficient of inbreeding is a
probability and is an expected value. Since individual £ is a random individual from the cross C by D, it may
have genes ad or bd with equal chance. Similarly, individual F is another random individual from the same cross
C by D with the same genes ad or bd with equal chance. Hence, the inbreeding of the random mating of the cross
(4 x B) x D can be represented by the cross between the two individuals £ and F.

F
12 12
a d b d
1/2 { a aa* ad ab ad
E d ad dd*  bd dd* *IBD
12 { b ab bd bb*  bd Frp = Fg =%:%
d ad dd*  bd dd*

Another way to think about this is that £ could be ad or bd, each with probability of 1/2, and similarly F could be
ad or bd, each with equal probability. Then you get the above diagram.

No, the inbreeding coefficient of G does not change. The F value remains the same even if only one
individual of £ and one of F are intercrossed because F'is an expected value or probability.

The thing that is different is that the variance of F' for any single locus is much greater when E, F, and G
are individuals than the case when a large number of individuals are used. When a large number of individuals

are used, the variance of the inbreeding coefficient 0'12: would be essentially zero. The variance of F for the one-
individual by one-individual case would be as follows: First, we calculate the distribution of the F values for the
offspring G of E by F.

If E is ad and F is ad with frequency 1/4, Fg = 1/2.

If E is ad and F is bd with frequency 1/4, Fg = 1/4.

If E is bd and F'is ad with frequency 1/4, Fg = 1/4.

If £ is bd and F is bd with frequency 1/4, Fg = 1/2.

One half of the time the inbreeding of Fi¢c would be 1/2, and one half of the time the inbreeding of Fz would be
1/4, so the variance of Fg would be

2 2 2 2
2 _1(1_3 1(1_3\y _1(1 1(_1\y _ 1
UF_z(z 8) +2(4 8) _2(8) +2( 8) =54
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b. In the cross between two S; lines, we deduce the inbreeding coefficient of £ as follows: Even though
one half of the individuals in each line would carry genes identical by descent, the cross is still the union between
two equally frequency genes, a and a’, from line 4 and two equally frequency genes, b and b’, from line B.

B

1/4 aa } IBD /4 bb } IBD
1/2a,1/2a’d 1/4a’a’ /4b’b’ 1/2b, 12 b’
1/2 aa’ NIBD 1/2 bb’ NIBD
C D
ab ab
ab’ ab’
a’b a’b
a’b’ a’b’
E
D
a a’ b b’
1/4 1/4 1/4 1/4
1/4a | aa* aa’ ab ab’
C l/4da|aa a’a’* a’b a’b’ *IBD
1/4b | ab a’b bb* bb’
1/4b° | ab’ a’b’ bb’ b’b’* Fop=Fg=1/4

If we assumed that each element in the pedigree were an individual, we would have the following table of
coancestries:

A B C D E

- - - - AB AB CD
S IR
’ N I B
c -
: Lo

The coefficient of inbreeding of individual £ obtained by the tabular method of coancestries is 3/8, which is not
equal to that obtained by a definitional approach. The definitional approach has given us the correct inbreeding
coefficient for £. The results are not the same, because we regarded each individual in the pedigree as an

individual. For example, for 4 as an individual, the 8, =+, butif 4 were a line 8, ,; = [see Section 6.5.1(3),
pp. 148-151]. Hence, if we modify the table accordingly, we obtaln
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A B C D E

- - - - AB AB CD
S
: I
c o
: b
. :

1
4

to be that we need coefficients of group coancestry in this situation. I do not currently profess to fully understand
this situation and the use of group coancestries. The reader is referred to pp. 6.142 to 6.204 and the paper by C.C.
Cockerham, 1967, Group inbreeding and coancestry. Genetics 56:88-104.

Now we obtain Fg =6 = so the results seem to agree with the definitional approach. The conclusion seems

Exercise 4.17.

A four-gene probability is the probability associated with one of 15 possible, mutually exclusive states of
identity by descent involving four genes at the same locus.

A four-gene probability for which only three genes are identical by descent is the probability of one of the
15 states of identity for which three genes, say a, b, and c, are identical and the fourth gene is not identical to the
other three genes. In contrast, the three-gene probability for which all three genes, say a, b, and ¢, are identical is
the probability of one of the five possible states of identity by descent involving three genes at the same locus.
The three-gene probability y . is equal to the probability of the union of the two disjoint four-gene states of

identity, a=b=c and a =b = c =d [see equation (4.77)].

Exercise 4.18.

R9 R13 R3 RS A A
(1) S5 =8¢(xr) =Sixr =Vir =¥(sryr =7srr =5(0st +757)=3(0+0)=0
R18 R21 R3(see (1) above) RS A A
(@) Ay =Ak%.xr =7ir =Y(sT)r =7srT :%(GST +7Sf):%(0+0) =0
R28 R31 R2  R3 (see (1) above) A R1 R8
_ _ _1 _ _1[1
() Agey =Bii(xr)=Disxr —E(QXT +r)= %(H(ST)T + 7(ST)T)— E[E(QST +0r7) + 7STT]
A A A
1+ F
_1/1 T 1 Y=l L1y, 1 -1
‘E{E(MT}L?(&ST +7’ST)} 2[2(2)+ 2(O+O)}‘ 8
R4 R6 R3 (see (1) above) RS A RS

) 7y =7k (xr) =3 (rx +7XT):%(FX +7(ST)T):%(95T +7577)
=10+ 1(0sr +7g7)|=1[0+1(0+0) =0
R3 RS R2 R3 (see (1) above) A Rl R8

(5) 7xy =7V x(xr) =V xxr =1(Oxr +7/XT):%(€(ST)T +7(ST)T)=%[%(9ST +‘9TT)+7STT]



A A A
1+ F
_111 T _1 1 —
—E|:E(O j'l' Z(QST +7ST):|_5|:Z+5(0+0):|_
eq. (4.86)
(6) Fy=05r=0
eq. (4.86) R2 A
1+ Fp
) Fy=0xr =0(sryy =057+ o) =4 0+ | =4 0+4]-4
R2 R1 R2 (see (7) above) A

The condensed coefficients of identity for X and Y from equation (4.82) are
Al = 5 XY = O

Ay =2(rgy -

A9=1_FX_FY_4‘9XY +AX~Y+2AX+Y +47/XY+47/XY_65XY

—1_0-1_4.3 Lig. A _g6.
=1-0 4 48+O+2 8+4O+48 6-0

—1-1_3
=l=y=327
Check:
A +Dy + A3+ Ay +As+Ag+A7 +Ag+Ag =040+ +0+7+0+0+1+0=1

1,.1_
5 t72=0

Exercise 4.19.
This exercise was subsequently inserted in my notes as Example 4.12A (see pp. 4.112 to 4.115), so the
solution is given therein.

Exercise 4.20.

The quantities calculated for any two individuals, say X and Y, from any pedigree used to calculate the
condensed coefficients of identity are given in equation (4.81).

First, we consider the full-sib individuals, F'and G. The values for the required quantities in equation
(4.81) for F and G are given in Example 4.10, p. 4.108 and 4.109, by simply replacing X with /" and replacing ¥
with G, namely,

(1) S =0, () Aps =0, ) Ap, =14, @ 7ig =0, (5) 7pg =0, (6) Fz =0, (7) Fz =0, (8) Opg =+
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Next, we consider individuals M and N:
(1) For the quantity &5 one can apply rule 9 and then apply rule 10 repeatedly, expanding backward in the

pedigree to obtain a function of four-gene probabilities with a random gene from each of four ancestors 4, B, E,
and H all being identical by descent. By assumptions stated in the exercise all four-gene probabilities in which all
four genes are identical by descent are equal to zero, namely, dp 4y =S4 = OrBay =Orppy =0 . This

expansion backwards in the pedigree is shown below
R9 R10b R10b RI10b

(1) Sy = 5(EF)(GH) = 5E(AB)GH = %(5EAGH +SEBGH ) = %(5EA(AB)H + 5EB(AB)H )

= %[%(%AAH +Sgapn )+ 5 (SEBam + Seppn )] =1[(0+0)+(0+0)]=0
However, if one gives a little thought to the meaning of &, one does not need to do all of this detailed
backward expansion in the pedigree. The meaning of &y is given in equation (4.81) and Table 4.8, pp. 4.68 to

4.69. Its meaning is that all four genes are identical by descent—two genes in M and two genes in N.
Alternatively, one may simply relabel the two genes in M and the two genes in NV in terms of the parental origin of
the genes in M and N, namely, &5 = 5( EF)(GH) = Ogrgy Finally, we may set the expression &7 equal to

zero, because by a simple examination of the pedigree we know that the two genes in M, for example, from £ and
F are unrelated and that a random gene from E can never be identical by descent to a random gene from F, so

Sz =0.

(2) Likewise by similar reasoning from the definition of A; 5, given in equation (4.81) and Table 4.8, and

inspection of the pedigree, one can set it equal to zero because the two genes in either M or N can never be
identical, namely,

Ay =DEF)(Gr) =0

(3) Again from the definition of Ay, i given in equation (4.81) and Table 4.8 we can write

2AM+N =Aycbd T Dadbe = 2§abcd + §ac-bd + 5ad-bc

where the random genes in M are a and b and those in N are ¢ and d (bottom of p. 4.73). Since the parents of M
are £ and F, we may relabel a as E and b as F. Similarly since the parents of N are G and H, we may relabel ¢ as
G and d as H. Thus, we can rewrite the above in terms of parents E, F, G, and H:

2047, i = 28(EF)e(GHr) = DEG-FIT + DEH FG = 20pFGH + OEGFH + OEm.FG =2(0)+0+0=0
The second term Sp;.y 1S equal to zero because E is unrelated to G, or F is unrelated to /. Similarly the third

term Ogy.pi 1s equal to zero because E and H are unrelated.

(4) For the three-gene probability y ., we can write

2y 5inv =Vabe T Vabd =20abed + Oabe + Oabd
Labeling a, b, ¢, and d as E, F, G, and H, we have
27 iy = VEFG + YEFH = 20ErGH + OgrG + 6ppn =2(0)+0+0=0

(5) For the three-gene probability y, i we can write

27/MN =Yacd + Vbed =20abed * Oacd + Obed
Labeling a, b, ¢, and d as E, F, G, and H, we have

27\ =VEGH + 7 FGH = 20ErGH +OrGH +0Fcy =2(0)+0+0=0

(6) FM :aEF :0
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(7) Fy =0Gy =0

(8) HMN :e(EF)(GH) :%(GEG +0EH +0FG +0FH):%(O+O+%+O):%
In summary, for M and N we have
(1) Sy =0, ) Ay =0, B Ay iy =0, @ 7y =0, (5) 735 =0, (6) Fyy =0, (7) Fyy =0, (8) Opy =12

Next, we consider Q and R. In Example 4.10, pp. 4.108 to 4.109, we considered full-sib mating and
obtained the required quantities for X and Y as functions of two-, three-, and four-gene probabilities for the
previous generation. Since the same rules apply, we simply substitute O and R for X and Y, respectively, and M
and N for S and 7, respectively, in the derivation presented in Example 4.10 to obtain the required quantities for O
and R, followed by substitution of the appropriate numerical values for the probabilities. Thus, we have

R9 R16

1 1{1 1
(1) 5QR :5(MN)(MN) :§MNMN :Z(HMN -I—}/MN +7MN +5MN):Z(E+O+O+O):H

R18 R25
R - _1 , . W )=1 (1 1
) AQ_R —A(MN).(MN) =AyN. N —Z(HMN YN TV ui +AM+N)_Z(E+0+O+O)_a
R28 R35 R25
() Apsit =Daw)r(an) = DmN+mn =%(AMM NN+ ANy )
11 1 . ” S
E[Z 1+F +Fy + Ay ) Z(QMN +7MN+7MN+AM+N)]

z%[%1+0+0+0 ( +0+0+0)} (1+é)—112—78

R3 R5 RS RS
(4) 7pr =Y(MN)R =VMNR =7 MN(MN) = S(7amaw + 70w )

_1(1 . 1 .. /1 _1(1L 1) 1L
‘3[5(9MN+7MN)+2(0MN+7MN)} 2[2( +0) ( 6+0)J_ 2(32+32)‘ 32
R3 RS RS RS
%) Yok =YQ(MN) = YOMN = Y(MN)MN :%(7MMN + 7MNN):$ (see Yor above for the same expression)
(6) Q—%1=%
(1) Fi=0yn =

—

R2, eq. (4.42) R1 R1
®) Oor =0y any =% (Ovnr + 20y +Ony ) = 4[1 +2FM 295+ HZFN } :%[%J“%J’ﬂ :%(%):%
Then substituting these quantities for Q and R in equation (4.82), we obtain the condensed coefficients of
identity for Q and R:
A1 =05 = 5
82 =27 ~ 9 ) =2

(
As =2(ka -1 ) =2
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30
(a5 Yn(17 _1)_30 s
A5_2(AQ+R 5QR)‘2(128 64)_128_64
v o Sen)=1l _ 1 »»f1 _13)y_1_1_ 2 _1
Ao =Fp—=Bp.k — (7QR 5QR)_16 64 2(32 64)_16 64 64 64
v Sen )= 1 _H(1_1)\_1_1_ 2 _1
A7 =Fp =Rk~ (7QR 5QR)_16 64 2(32 64) 16 64 64 64

_ A e 4/ 217 1 1 1) |2 g(36=17-4-4+4)\_ 15
A8_4(HQR Aj+k 7 OR 7QR+25QR) [32 128 32 32+2(64)J_4( 128 )_32

Ag=1-Fpy—Fj 4HQR+AQR+2AQ +47QR+47QR_65QR

0
11 _1_4.9 .1 1 1
1616433 a5 +2 128+4 +43 6( )
12 9,1 .17 1 _ 1+17+8+8_8+72+6: 348 _1_52_12_3
=l-E-gtuteatyty =ty 61 1T er 64 04~ 64~ 16
Check:

15, 1 115 3 _
Al+A2+A3+A4+A5+A6+A7+A8+A9—64+32+32+0+64+64+64+32+16 1
Exercise 4.21.

RS P RS RS RS

_ _1 _1 _1 _11 _1
VKLM =7(DI)LM =5 (rpLv +7im ) =57 1m =2 7IL(EF) =32 (rne +71LF)_Z(7I(EF)E +71(EF)F)

R8 RS R8 par-off R4 par-off R4
=%[%(71EE +715E )+ 5 (71EF + V1FF )] [ (O +7i )+ 2V(EF)FE 7 (‘91F + VFI)}

R8 R8

1
=16| 4 Vi(EF) T4 2 S (7EEr +7FFE)+ % +7’F(EF)}

) R6 P A P A P P R6
=767 37w +7ir)* [%(QEF””EF) (9EF+7EF)] %(7FE+7FF)J

A A

=L {1+ Fg+0+2[0+0+0+0]+0+ Fp} =&

R10 P R10 R10 P

Skemy = peymy =3 (SpLmn +Ommn ) =38 (G) =% [%(@LMG + 0L )] =7 (5IL(EF)G)

R10  R10 P P P R17

= %[%(5[LEG Jze )] = %(@(EF)EG +31(EF)FG ) = %[%(@EEG +01r86 )+ 5 (S1ErG + SiFrG )]

R5 RI10 P R8 P R13

= %[%(JQFG + 015G )] =35 :7(EF)FG + §(EF)FG} %[%(VEFG +0prG )+ %(5EFG +OpiG )]

R2 R4 R4

=& 30r6 +7i6)+7iG |

:é[%(eF(AB) *7(an) |47 (AB)}
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R2 R2 R3 R3

_ 11 Ly 4y Ly 4y
_@[E(HFA +7FB)+E(7FA +7FB)+2’§(7FA +7/FB)J
P P P P
_ 1
_ﬁ[‘g(AB)A +0up)B +V(4B)4 tV(4B)B +2(7’(AB)A +7(AB)B):|

P P

3005 00) 0w -] =]

1+FA 1+FB 1
2 + 2 T 512

An alternative method of evaluating yx;,, is to calculate directly the probability of a random gene
drawn from each of the individuals K, L, and M being identical by descent. This method is satisfactory only for
simple pedigrees. First we identify all of the common ancestral individuals, £ and F, and for each common
ancestor we evaluate the probability that the random genes drawn from K, L, and M are the same gene. For
common ancestor £ we symbolize the two genes in £ as genes a; and a,. From inspection of the pedigree the
probability that a random gene drawn from each individual, K, L, and M, equals the event of all three genes being

the gene a; is (l)3 (l)z (l)z —(l)7 =_L_ (see Section 4.5). That is, the probability of drawing a; from K is
gehears (7)) \2) \2) =\2) ~1s ) -Hep Y gd

3 2 2
(%) , of drawing a; from L is (%) , and of drawing a, from M is (%) . The combined probability is the product

7
(%) = ﬁ . Similarly the probability that the three random genes drawn from K, L, and M are the same gene a, is
the same probability 1/128. The sum of the two mutually exclusive events is 1/64. In like manner for the other

common ancestor ' which bears the same pedigree relation to K, L, and M as E does, we obtain another 1/64.

The sum of the two events gives y 7, = é + é = é which is the answer obtained above.

This direct method of calculating the probability for dg; .y in terms of genes from the common

ancestors £, A, and B is not suitable because individual F' is common in the descent paths, so the events are not
independent.

Exercise 4.22.

R5 P RS P
VKLN =7(DI)LN = %(7DLN +7IN) = %hLN = %71L(GH) = %[%(JQLG +YILH )]
RS R5 RS
= %J’ILG = %71(EF)G - %[%(VJEG tYirG )} - %(VIEG +71FG ) = %(V(EF)EG + 7(EF)FG)
R3 P R3
= %B(}/EEG +78rG )+ 5 (YEFG + 7 FFG )] = =7E£G +27EFG +7FFG]

P P Exam. 4.10

Z%[%(QEG+7/EG>+O+%(9FG +;/F-G)]=%[O+O+%+O}=ﬁ

RS P RS P

YKMN =7(DIYMN = %(7DMN + J/IMN) = %VIMN = %71M(GH) = %[%(VIMG TV IMH )}



23
RS P R5

_1 1 _1[1 _1
=47IMG =4V I(EF)G —Z[§(7IEG tVIFG )] —g[}/(EF)Fg}

P R8

=§[%(7EFG +VFFG )] 67FFG
Exam. 4.10

:%E(‘QFG“/FG)] 32[ +O] 8

RS P RS P R5
YLMN =7VLM(GH) = %(VLMG + VLM ) = 27LMG =73 7’L(EF)G = %[%(VLEG +tYLFG )}
P

= %(0 + 7(EF)FG) = %[%(J@FG +7VFFG )}

R8 Exam. 4.10

0+ 71r6) =430 *750) =3 +0) =

R10 P R10
SJKLM =O(CI)KLM = % (Sckim +Okim ) = %@KLM = %51(DJ)LM
P R17 R5 R9b

= %B(&IDLM *OmLm )] = %[%(7 L *+ Oy )J = %[7 1(EF) * O(EF)LM }
RS RS R10b
- %[%(WLE +7r)* 5EFLM] = %B(V(EF)LE tV(EF)LF ) +%5EFL(EF)}
) R8 P P RS P P
= _%(7EEL +ypLe )+ S (7ELE + VFrL ) + 25 (SpErL + OpFFL )]
R2 R4 R2 R4
:ﬁ_%(eEL +7)+3(OpL + yFL)] =é[‘95(15p) +7E(er) T OF(EF) * yF(EF)}
P P P

=a_%(9EE + 0 )+ 5 (7ig +7ip )+ 5 Orp +0pr )+ S (7 i +7/FF)]

—

Fr
£ r =il

1+ F, 1+
_ 1 E )
= @{ 2 +0+ Fj +
R10 P R10
S1xin =(cryken =3 (Sckin +Oin ) =5 SikLn =5 Sk (Gm)
P P P
11 1 11 1
= 5[5(51KLG +OKLH )] = Z(5I(D1)LG + 51(DI)LH) = 2[5(51DLG +0116)+5(Smrr + i )]
R17 R5 RI10a
1 _1[1 _1 )
30ILG = §[§(7ILG +0jG )] = E[7I(EF)G + 5I(EF)G}
P P R5 R%

:%[%(HEG +7176) *+ 3 (S *+ i )} 35 (717G + i ) =35 (7(EF)FG + 5(EF)FG)
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P P Exam. 4.10
_ 111 _ 111 . __1 __1
—5[5(7EFG +7FFG )+ 5EFFG] —a[j(QFG +Yig )] = 128[ 0] =33
Exercise 4.23.
A B E F G 1 J K L M N O P Q R
-- -- -- AB AB EF -1 -1 EF EF G- JL KL MN MN
1 1 1 1 1 1 1 1 1 3 3 1 1
A > 0 0 4 4 8 6 16 3 8 8 32 303 8
B 1 0 1 1 1 1 1 1 1 1 3 3 1 1
2 4 4 8 6 16 3 8 8 32 3203 8
1 1 1 1 1 1 3 3 1 1
E > 0 0 4 8 8 4 ; 0 6 16 8 8
F 1 1 1 1 1 1 1 1 3 3 3 3
2 4 4 8 8 4 4 8 6 16 16 16
G 1 1 1 1 1 1 1 3 3 3 3
2 8 6 16 3 8 4 32 32 16 16
I 1 1 1 1 1 1 1 1 S S
2 4 4 4 4 6 4 4 2 3
J 1 1 1 1 1 S 1 S S
2 8 8 8 32 16 3 64 64
K 1 1 1 1 1 S S S
2 8 8 32 3 16 64 64
L 1 1 1 S S S S
2 4 6 16 16 32 32
1 1 3 3 9 9
M 2 6 16 16 32 32
1 3 3 9 9
N 2 64 64 32 32
9 7 15 15
0 6 32 128 128
9 15 15
P 16 128 128
17 9
Q 2 3R
17
R 32

The coefficients of inbreeding of O, P, Q, and R are:

Fo =0y =5.Fp =0k =5.Fp = Oun =16-Fr =Oun =1 -
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Exercise 4.24.
RS P RS P RS
(D) 7ukz =7(cr)kL :%(7CKL +7IKL):%7/[(D[)L :%[%(WDL +7L )]Z%?/HL Z%[%(GIL +7}'Lﬂ
R3 RS
(1. \_1(1 _1(1 _1(1 _1[1 1
—§(Z+71L)—§(Z+7’(EF)L)—g(z"'}/EFL)_g(Z"‘?/EF(EF))—g[Z"‘E(?/EEF +YEFF )J
RS RS P P P P
_1[1 _ 111 } 1 )=t
—E[E"‘?’EEF +7EFF:|—E[§+E(‘9EF +7ip )+ +(0gr +VEF)J—3—2
RS see (1) above
2) vkm = Y JK(EF) which is equal to y jx, =V JK(EF) =%
RS P RS P RS
() 7ukN =7k (GH) =%(7J1<G +7JKH)=%7’JKG Z%h(m)g Z%[%(MDG +7J1G)] Z%K/]G
P RS R3 table P
_1 _1[1 _1 _1[1 YA _ 1
=47(ciG —z[z(%m + 7IIG)] =g7uG _§[§(91G +7/IG)] = E[T’ Y(EF)G] 18
R5 P given in Exer.
4) = =1( + )=1(o+1)=L
Yom =7(cryem =2\7CLm Y ViLM ) =5 6]~ 32
RS P given in Exer.

() 7un =7(cryy :%(7CLN +YILN ) Z%(O+6—14) Zﬁ
R5 P given in Exer.

© 1o = oy = + ) = {0+:5) =k

R10b P R10b P R17
JKMN =9(c1\kMN = 2\OCKMN T OIKMN ) =5 %1(DI)MN = 73| 2\CIDMN + 3 91IMN ) | = 4 CIIMN
(1) & dcr) (s + 81y ) =35 pr) L Mo +56 15
given in Exer. R10a P
=11 .. —1{ L =1| L =_1
= 4[2(71MN O )]_ 8[64 +5(EF)MN}_ 8[64 +5EFMN]_ 512
R10b P given in Exer.

2) Sumn =3(cryLmn :%(5CLMN + SN ) Z%((Hﬁ):#
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Exercise 4.25.

A table of coancestries is:
0] P Q R S T U \Y%

-- - - - - 0Q PR ST ST

0 92 L 15 15 37 43 65 65
16 32 128 128 256 256 256 256
P 9 15 15 A3 37 65 65
16 128 128 256 256 256 256
Q 17 2 83 31 67 67
32 32 256 256 256 256
R 17 SL 83 67 67
32 256 256 256 256
S 143 47 95 95
256 256 256 256
T 143 AN 5
256 256 256
303 5
u 512 256
303
v 512
The inbreeding coefficient of U and Vis Fy; = Fy =0y = % and the inbreeding coefficient of the offspring
i =95
between U and V is F(UxV) =556 -

Exercise 4.26.
a.
R17 given =0 P
o B 1 o1(1)_1
Opp = 5(JL)(KL) = OJKLL —E(VJKL +5JKL)—5(3_2) T 64
R18a R27 given R29a

- - _1 o1 o 11 . .
Abp =ALy(kL) =AILKL =3 (7uke + 8 g —E(§+ AJ(D])+L)— e t3(Apai A7)

R2%9a R29a =0P =0P =0 R21a

_1.,1 ) o 1] ) )4 ) .
—a+Z(A(CJ)D+L +A(C1)1+L)—a+Z[E(ACD+L A )+ 3 (Acrag +A11+L):|

=0P =0P
1 11(F p A )= L
=gt §3(F+A51) =45
R18 R37 R26 R27 given R19a given R29a
I _1 _1[1 )l i}
Ajrp =AL)(ke) =3 (AL +Asrkr) _E[E(HJK +A i ) ¥ (ke + A ke )]

=0P =0P =0 P =0in Apy 5 above

_1[1 Ll o111 i} Nl 1 i} .
_Z[§+AJ(DI)~L +E“LAJ(DI)+LJ _Z[§+5(AJD~L +AJ1~L)+§+§(AJD+L +AJI+L):|

R3 RS A R8 given =0 P

Yop =VILP =V JL(KL) Z%(VJKL +7JLL)=%[3_12+%(9JL Vi )] =é+%(%)=é+$=%
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R4 R3 R3 given RS given =0 P

Yop = 7(JL) (7Jp+7LP) (7JKL+7KLL)=%|:3_12+%(‘9KL+7K]:)}=6_14+%(%)=a+§—a

given
given given given given

— _1 _1(1,1,1 , 1\_1(3+4\_17_7
Oop =Gy kr) =5 (O +Om + Ok + 0 ) =§ i+ 1) =3 (5 =4 =4

b. [see equation (4.82)]

AV =8pp =4
R e U
2200 050) 2 )&

Ay = 2( O-p 5013) i ="
so=Fo =805 ~2Urop~dup) =42 ) -2 =
= 2r0n -0op) b2 &~ )4 -2&) =Tt

_ s a5 3 3 (1 )] 4f28=5-6-6+4)_4(15) _1s
A8_4(90P_A0+P Yop ~Yop 20 P)_4[32 128 64 64+2(64”_4( 128 )_ 128~ 32
A9 =1- F F —480[,) + A +2A +470P +4}/OP —650P

:1_L_l_4( 7 )+_+2(128)+4(_)+4(i)_6(é): 64-8-8-56+1+5+12+12-6 _ 94-78 _ 1

8 8 32) " 64 64 64 4
=14 11 34,343 1
Check: Aj+Ay) +A3+A4+A5+Ag+A7+Ag+Ag = 4+16+16+0+64+64+64+32+4
= 1+4+4+0+3+3+3+30+16 _ 64 _
64 64
Exercise 4.27.
RS RS RS

) Yopo =7Yop(mn) =%(70PM +70pN) =%(70(KL)M +70(KL)N)=%[%(70KM +70LM)+%(70KN tYoLN )]
R5 R5 R5 R5

1
4[7OKM +YoLm TYOKN +7/OLN] |:7/(_]L)KM ()M TV(JL)KN +7(_]L)LN:|

given given given RS given given given
1|1 1 1 1
= [ > (7rm +71kMm )+ 2 (YoLae +70im )+ 2 (Vrn +7LkN )+ 2 (YN + 71N )]
given P =0 given P =0

(G 3+ G+ 5000+ 7))+ (ke o)+ (s 0w 720

_1|1 1 1 | R R T T | 44+4+4+16+1+1+1+4 (1| 35 |_ 35
_8[32+32+32+8+128+128+128+32] 8[ 128 ] 8[128] 1024

RS same as for yppg

2) yorr =7op(un) =7 (Yoru + 70PN ) =137
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3) RS RS RS R8 R5 R5 R8
_ _1 _1 _1[1 1
YO0R =700(MN) —3(70QM +7’0QN)—5(70(MN)M +70(MN)N)—§[§(7OMM +vonm )+ 3 (7omwn +7onn )]
R2 P =0 R2 P =0
=1 l(& 7 )+;/ + +l(9 i )
4| 2\YoM * 7510 ) T Y (L) Nm TV (aLymn T 2\YNO TV fo
given  given given  given

ENE

%(H(JL)M + 0) + %(7JMN +7LmN )+ %(7JMN +7ImN )+ %(HN(JL) + 0)}

given given given given

1|1 1 1 11y, 1
_8_2(0JM+6LM)+(128+64)+(128+64)+2(9JN+9LN)}
—l_lllLLLLLLL:lLLLLLLLL
_8_2(8+4)+128+64+128+64+2(32+16)} 8[16+8+128+64+128+64+64+32]
:l_8+16+1+2+1+2+2+4]: 36 _ 18 __ 9

8L 128 1024 ~ 512~ 256

4) RS R5 RS RS RS

YPOR =7 PO(MN) 2%(7PQM +7PQN):%(7P(MN)M +7/p(MN)N) :%[%(VPMM +7PNM)+%(7’PMN +7PNN)]
RS RS

1] 1 1
2 j(J/PMM +7/(KL)NM)+§(7(KL)MN +7PNN)}
R2 R4 R2 R4

i_%(OPM +VPM)+%(7’KNM +7LNM)+%(7’KMN +7LMN)+%(9PN +7PN)]

%_%(H(KL)M +7(KL)M)+%(7KNM +7LNM)+%(7KMN +7LMN)+%(9(KL)N +7(1<L)Nﬂ

given given given given R3 R3
=L (Okas + 0000 )+ L (rieni + 70 )+ + + + + 1Oy + O 0 )+ S (v ei + 774
3| 2\ Okm M) S\Vkar Y Vyr )T YRNM Y INM Y KMN Y LMN 2( kv Oy ) Tk TV Lw
P=0 P =0 given given given given P=0 P=0

_1|1(1,1),1 (1, 1),1
_§|:§(_+Z)+§(7/K(EF) +7L(EF))+7KNM TYLNM T VKMN TV LMN +§(§+E)+§(7K(GH) +7L(GH))}

8
(%+% +%(O+0)+L+L+L+L+l(l+l)+%(0+O)}

1|1
_8[2 8 Teat st ea T 2\32 T 16
_1[3 L 1,113 ol 12444241246 36 _ 9
_8[16+0+128+64+128+64+64+0:|_8[ 128 ]_1024_256
1) R10b
_ 1 1
S0POR = S0PQ(MN) =4(Sorou + 50PQN)—§(50P(MN)M + 50P(MN)N)
R17 R10b R10b R17
= %[%(%PMM +Sopnm )+ 3 (Sopun + 50PNN)]
RS RS

=%|:%(70PM + 5M0P) +So(kL)NM T O0(KL)MN +3(ropn + 51'\7013)}
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R10a R10a

_%(70(1@) +5M0p) 5(Goxnm +Sornm )+ 5 (Sokmn +50LMN)+%(70( KL)N +§NOP)}
RS RS R10b  RI10b

N

o0 |—

_%(7OKM +YoLm )+ o o(kL) T 200kMN +200LMN * 7 (rokn +70Lv )+ 5N0(KL)J
R10a R10a

%(7(JL)KM tYL)m ) + %(51\201( +Syi01 ) + %5(JL)KMN + %5(JL)LMN + %(7(JL)KN t7(L)LN ):‘
R10a Rl10a
1[1(s. .
+§[§(5NOK + 5oL )]

0 |—
T

R8 R10a R10a

=%B(7JKM + 7k )+ 5 (Voma +Yiom )+ 56y V(JL)K +%5M(JL)L (%)(5JKMN+5LKMN)}

R17 RS
+%[4(%)(5JLMN+5LLMN)+%(7JKN +71kn )+ 5 7oy 7L ) F 565 N(JL )K+%5N( JL)L ]
given given given given P =0 P=0P=0 P=0P=0
=33 [J/JKM +YLkM tYaIM Ty (‘QLM +7/LM)+2( )(5MJK +5MLK) ( )(5MJL +5MLL)}
given given given given P =0 given given given given P =0
+é[ (S sxan +5LKMN)+4[6JLMN + (7w + 5LMN)]+7JKN +71kn + Yy + (0w +7LN)}
P=0 P=0 P=0P=0

+3L2[2(%)(5NJK + Ok ) * 2(%)(51'\'& + 0L )}

:l[L+L+L+%(l+O)+(1)(O+O) (1 )(0+O)+4(—+L)+4[L+l(l+0)}+L+L+L}

32032732 TR 4 512 7312 512 72\ 6a 128 T 128 T 128
111
+3—2[3(E+0)+(1)(0+O)+(1)(0+0)}
-1y, 1,1 ,1, 4 , 4 4 ., 4 .1 ., 1 .1 1
_32[32+32+32+8+512+512+512+128+128+128+128+32]
_1 [8+8+8+32+2+2+2+8+2+2+2+8]: 84 _ 21
32 256 32(256) 2048
Exercise 4.28.

a. The two-locus inbreeding coefficient F];is equal to the probability that the genes at two loci are

simultaneously identical by descent (see p. 4.119). Formally it is defined as a four-gene function—two genes
identical by descent at the 4 locus and two genes identical by descent at the B locus, i.e.,

Fi1=P;(a=a',b=b") (see equation (4.175Xb). It is an extension of the concept of the one-locus inbreeding

coefficient extended to two loci. For self-fertilization the probability in terms of the linkage value is equal to the
sum of the squares of the frequencies of all gametes or the sum of the diagonals in equation (2.118), namely,

(1+,1j2 (1—/1)2 (1—/1)2 (1%}2 1424+ 42 1=224+442) 24222 1442
K= + + + =2 +2 = =
4 4 4 4 16 16 8 4

The probability of the multi-locus inbreeding coefficient can be extended to # loci in that it is equal to the sum of
the squares of the frequencies of all possible gametes as shown in equation (2.72K).




30

b,. The two-locus, two-gamete parental descent coefficient F' s equal to the joint probability that both
parental gametes are copies of the same gamete (HFIIII) or two different gametes(OOFOlO1 ) Formally it is

defined as a four-gene function—two genes equivalent in one gamete and two genes equivalent in the other
gamete, i.e., = Py(a=b,a'=b") [see equation (4.175Xc)].
The two-gamete recombinant descent coefficient |;F is the joint probability that both pairs of genes,

ab' and a'b , are copies of the same (HFllll) or two different (HFOOOO) initial ancestral gametes. Formally it is

defined as a four-gene function—one gene in the paternal gamete and the other gene in the maternal gamete
descended from a single ancestral gamete, i.e., | /' =F4 (a =b',a' = b) [see equation (4.175Xd)]. They are called

recombinant descent measures because the members of the gene pair lie in different gametes in that recombination
must have occurred some place in the descent.

These ideas can obviously be extended to three or more loci in that with three loci there would be six
genes and 15 pairs, each pair being equivalent or not, so the notation would become much more complex. There
would also be many more than 15 states of equivalence which one has with only four genes. I would first extend
these concepts to three loci and possibly four loci before attempting to generalize for n loci.

Exercise 4.29.
Method 1, a tabular approach

A" B ch D E F G" H I J K

- Al - B Al - C"D E - E F G" H G'H 1I"1J

h 1 1 1 1 1 1 3 3 v 13

A 1 2 2 2 2 4 2 8 8 16 32

B 1 1 1 3 3 3 9 9 21 39

2 2 4 8 16 8 32 32 64 128

ch 1 1 5 5 5 15 15 35 65

4 8 16 8 32 32 64 128

D 1 3 3 3 9 9 21 39

2 8 16 8 32 32 64 128

E 5 5 5 15 15 35 65

8 16 8 32 32 64 128

F 1 5 13 13 23 49

2 16 32 32 64 128

h 21 21 53 95

G 1 32 32 64 128

21 21 21 21

H 32 32 32 32

h 21 53

! 1 32 64

J 53 95

64 128

53

K 64
_ _21 _ 1-9(33)_1-53_32_21
Fg =0, =% or Fg =20k —1 2(64) I=3-5%=%

Method 2, chain of coancestry method
In the where statement associated with equation (4.186) (p. 4.139), it is stated that F; (p. 4.140) for the ith
ancestorial individual should be set equal to zero if the ith ancestorial individual is heterogametic.
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Proof: On p. 4.47 [equation (4.51)] we show that for autosomal genes the probability of the random gene
a; being identical by descent to a random gene a, is

Play=ay) =0, =31+ F)=2(1+ F)
For sex-linked genes, the corresponding probability [see equation (4.180)] is

P(aza):ﬁAhAh =1
Therefore we desire to equate the expression %(1 + Fi) in (4.186) for sex-linked genes to one. For sex-linked
genes we do not count the heterogametic individuals in the chain of coanecestry, so the power of % becomes zero.

Thus,

(3 aem)=

1+ F; =1
F,=1-1
=0

Verifying the above result for the coefficient of inbreeding of £, we obtain

4-2
Fp = (%) (1 + Fl) =% , which agrees with Fp =6 ) = 1'in the table of coefficients of coancestry given above

4
under Method 1.

Applying the chain of coancestry method to calculate the coefficient of inbreeding of individual K, we
calculate the contribution of each chain for each common ancestor.
Chains of coancestry involving common ancestor £:

gty (3] (103) <=

"G"EFHJ o(l)4(1+%)=0

2
Chains of coancestry involving common ancestor G”:
1"HG"s 1(%)2(1+0):%
1"G"ur 0(%)2(1+0):0
"Gy 0(%)1(1+0):0

Chains of coancestry involving common ancestor H:
First, we calculate the coefficient of inbreeding of H:

2
—(1 _1 1y_15_35
Fy =(5) (14 Fe) =41+ ) =43=15
Then the contribution of the chain is:
2
h 1 S)y=_21 _21
raJ 1(2) (1+ 16) 4(16) 64
Summing the mutually exclusive probabilities for all of the chains of coancestry, we obtain the coefficient of

inbreeding of the homogametic individual K.

—5 1,21 _5+16+21 42 _ 21
Pk =G 4 =" 64 ~ o8- 3
This value agrees with that obtained from Method 1, namely,

— 21
Fg _HIhJ_SZ
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Exercise 4.30.
a. For autosomal locus, using Method 1: a tabular coancestry approach
A B C D E F G H I J K
- - - - - A - A - A B C B D - E G H J
1 1 1 1 1 1 1 1 1 3
A 2 0 4 4 4 8 8 8 8 16 32
1 1 1 1 1 1
B 2 0 0 0 4 4 0 4 4 4
C 1 1 1 1 1 1 S L 3
2 8 8 4 16 16 32 32 32
D 1 1 €1 1 €1 3 L 3
2 8 16 4 16 32 32 32
E 1 1 1 1 1 1 3
2 16 16 4 16 8 32
F 1 3 1 21 2 15
2 32 32 64 64 64
G 1 L 21 9 15
2 32 64 64 64
1 L 1 2
H 2 32 4 64
I 37 9 23
64 64 64
1 Al
I 2 128
3
K 128

_ -9 — q1=9(B\_1=13_64_9
Fg =0y =% orfx =20k 1_2(128) == wa

For autosomal locus, Method 2: chain of coancestry method

! J
L Oury, =) (1+ F) =
2 oy Oury, =) (14 F) =
2 1 IFCAEH] 61y, :(%)7 (1+Fy) =7k
2 IGDAEH] 6y = L )7 (5= -k
Total 18 _ 9
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b. For a sex-linked locus, using Method 1: a tabular coancestry approach

AP B" C D E E" G H I J K
- - Al - A" - A" - C B"D E - G B"H 1I"J
h 1 1 1 1 1 1 1 1 3
AL 0 2 2 2 2 s s s 3 i6
h 1 1 1 1
B 1 0 0 0 0 1 0 1 1 1
C 1 1 1 1 1 1 1 1 3
2 4 4 2 8 8 8 16 32
D 1 1 1 1 1 1 1 s
2 4 4 4 8 4 16 32
1 1 1 1 1 1 1
E 2 4 8 4 8 8 8
h 1 1 1 1 3
F 1 3 3 3 16 3
1 1 1 9 25
G 2 16 2 £l o4
1 1 1 5
H 7 76 ry 3
h 9 41
1 25
J 7 o4
41
K o4
—9. -9 _ qoo(4l)_1_41_32_9
Fg =0, =33 or Fg =20kk 1_2(64) 1=5%-37=%
For sex-linked locus, Method 2: chain of coancestry method
hooh ph o1\ _
1 1 I"Fhhy 0 1 o), =0(1) (1+0)=0
h (1 _1
2 1"GB"J 1 2 Ow), =1(4) (1+0)=1
o o g (1)} _
2 1 I"Fhca"Eny 0 4 Ow), =0() (1+0)=0
B i _q(1Y _1
2 1"GDA"EHJ 1 5 Ow), =1(4) (1+0)=%
9
Total £V

c. The inbreeding coefficient for the sex-linked locus (9/32) is larger than that for the autsomal locus
(9/64) in this case, because any contributing chain in the sex-linked case has the power of one-half reduced by the
number of heterogametic ancestors, i.¢., the factor of one-half becomes one for each heterogametic ancestor, and
this gives a larger product or larger inbreeding. In this case, this force gives a larger inbreeding coefficient when
summed over all contributing chains than the force of chain elimination due to two or more heterogametic
individuals occurring together in sequence. This latter force tends to reduce the inbreeding coefficient.

This result of a larger inbreeding coefficient for a sex-linked locus can not be generalized, for it depends
upon the particular pedigree. The inbreeding coefficient for a sex-linked locus could be zero if all chains have
two consecutive heterogametic individuals in the chain.



