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SOLUTIONS TO EXERCISES FOR CHAPTER 3
Exercise 3.1.

a. Random mating means that the parents or mates are genetically or genotypically independent of one
another, i.e., p(Gim U Gf) = p(Gl-m )p(GJf) )

b. In a single population composed of unisexual individuals, the frequencies of the genotypes are usually
the same in the two sexes. Assuming that the frequencies are the same, the frequency of any homozygote is

p( g )2 and the frequency of any heterozygote is 2 p( g ) p( g j) . This implies that for any single locus, the
genotypic frequencies are Hardy-Weinberg frequencies. If the frequencies are different in the two sexes, then the

frequency of any homozygote is p( g ) p( gif ) and the frequency of any heterozygote is

p(g,-’”)p(gf)+p(g}”)p(g,-f)-
On the other hand, for a single population composed of bisexual individuals, it is with certainty that the
frequencies of the genotypes are the same in the sexes because every individual functions equally as both a male

and a female. Hence, the frequency of any homozygote is p( g )2 and the frequency of any heterozygote is

2p(g:)p(g;)-

c. In a cross between two populations the frequencies of the genotypes are usually different. Hence, the

frequency of any homozygote in the cross is p( g ) p( gif ) and the frequency of any heterozygote is

J i
proportions.

p( gl ) p( gf ' ) + p( g;-” ) p( gf ' ) . This implies that for any single locus, the genotypic frequencies are not in H-W

d. If an individual is defined as one composed only of the loci represented in G, then the definition of
random mating that any individual of one sex has an equal chance of mating with any other individual of the
opposite sex is equivalent. For bisexual individuals this includes self-mating. On the other hand, if an individual
is defined as one composed of more loci than are included in G than it is not proper to define random mating with
respect to G by saying that every individual has an equal chance of mating with any other individual of the
opposite sex. This is true because the individuals with any given G; may not be mating at random, i.e., there may
be positive phenotypic or genetic assortative mating with respect to loci not included in G. For example, if G
denotes a single loci for seed color or blood type as described in my notes (see p. 3.8), random mating may occur
with respect to the genotypes at this locus but yet with respect to the individuals (composed of loci for other traits
or all remaining ones in the organism) there may be positive phenotypic assortative mating such as flowering time
or intelligience.

Exercise 3.2.

The random mating theorem is important in that one can obtain the genotypic structure of the next
generation under random mating by using only the gametic frequencies of the previous generation. Thus, one can
avoid the laborious procedure of randomly pairing the parents, considering their individual gametics outputs,
determining the genotypes of their offspring and their frequencies, and then tallying over all possible genotypic
matings.



Exercise 3.3.
The allelic frequencies are [see equation (2.10)]

py4=025 +%(O. 10)=0.25+0.05=0.3
Pa=3(0.10)+0.65=0.05+0.65=0.7

The genotypic frequencies after random mating are [equation (3.35)]
P g =(0.3)%=0.09

P4 =2(0.3)(0.7)=0.42

Pua =(0.7)? =0.49

Exercise 3.4.
Population 1: Allelic and Hardy-Weinberg genotypic frequencies are

- 1 — -
p4=025+5(0.10)=0.25+0.05=0.3
- 1 — —

Pq =0.65+3(0.10)=0.65+0.05=0.7

2
pas=p5=(03)"=0.09; 20,40 =2(03)(0.7)=042;  pa=p2 =049
Population 2: Allelic and Hardy-Weinberg genotypic frequencies are
p4=030+0=0.3

p, =0.70+0=0.7

pas=pa=(03) =0.09; 2040 =2(03)(0.7)=0.42;  pu, =p2 =049
Population 3: Allelic and Hardy-Weinberg genotypic frequencies are

P4 =0.00+1(0.60)=0.3

Pa =0.40+3(0.60)=0.7

pas=p3=(03) =0.09; 2040 =2(03)(0.7)=0.42;  pu, =p2 =049

Exercise 3.5.
A random-mating population showing 5% recessives has the following percentage of
heterozygotes:

g> =0.05,50 ¢ =+/0.05 and p =1-+/0.05
2(1 ~/0.05 )(\/0.05) =2(0.7764)(0.2236) = 0.3472 = frequency of heterozygotes

or 34.72% heterozygotes

Exercise 3.6.
Population 1:

P4 =0.02=p*+2pg; Paa =0.98=¢; q=~/0.98
g =0.9899 p=1-g=1-0.9899=0.0101
2pg =2(0.0101)(0.9899) = 0.01999598
Population 2:
Paa =002 ¢=~0.02=0.1414 p=1-0.1414=0.8586

2pq = 2(0.8586)(0.1414) = 0.2428



Exercise 3.7.

lim =2202P) _ i 20— py=2,

p—0 p p—0
namely, frequency of heterozygotes =2 p when p is very small.

An alternative way to solve this problem is to apply L’Hospital’s Rule (given in any calculus book),
which says that if both the numerator and denominator vanish as the variable p approaches the limit 0, so that the
fraction assumes the indeterminate form 0/0, then the limit of the original fraction is equal to the limit of the ratio
of the derivatives of the numerator and denominator, namely,

lim = 22422 _ iy d[2p(1-p)]/dp _ o 2p(E)+(1-p)2

2p+2(1-p) _2(0)+2(0-0) _

= lim 2
p—0 p p—0 dp/dp p—0 1 p—0 1 1
o d(uwv)  dv  du
where we apply the derivative of a product to the numerator, namely, =u o + vd—
x x x

Exercise 3.8.
First, assuming random mating, we solve this exercise by taking a more brute force, definitional approach
as follows: We list only those matings (7 out of 9 possible matings) that give heterozygotes.

A1A2 A1A2 A1A2
offspring  offspring offspring
from from from
Male Female Mating Conditional probability AA, AA ALA,
parent parent frequency AA AA; ArA, female female female
2 1 1 3
44 A4y P 2pq 3 3 rq
22 22
A4 A 4 pq 1 pq
2 3
A4, A4 2pgp 5 5 Pq
2 22
A4, A4y (2pq) + 1 + 2p7q
2 3
A4y Ay 4y 2pqq 0 0 rq
2.2 22
A 414 q°p 1 r°q
2 1 1 3
A4 44, q°2pq 7 7 rq
2 2
r4q yZ} rq

Summing the column totals, we have

pq+ p2 g+ qu =2 pq = total frequency of heterozygotes in the random-mating population, as it should be.

Hence frequency of heterozygous offspring from heterozygous female parent  pg

b

1
frequency of heterozygous female parent 2pg 2
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An alternative, more direct way to solve this exercise is the following:

Male allele
Random Nonrandom A, A
Female mating mating Offspring Offspring
parent frequency frequency A4 A4y A A4y A4 A4y A 4y
2
44, 2pq 20 3 7 3 3
2
Ay 4y q 0 1 1

From the above it is easily seen that regardless of whether the male allele is 4; or 4, one-half of the offspring
from the female parental genotype 4,4, is 4,4.

Finally we present even a third nontabulating, purely probability way to solve the exercise. In set
notation, let 4 = female parent 4,45,

By = offspring 4,4,,
B, = offspring 4,4,,
B; = offspring 4,4,,.

P(female parent 4; 4, and offspring 4, 4
P(female parent is 4 4,|offspring is 44, )= ( P 172 pring 445 )

P(offspring is 4 4, )
P(AnBy) P(A)P(By|4) 2pa(}) |
R Y R T R T

OI', for nonrandorn—mating population
2Q 1
2
P(A|Bz)_——( ) 1

Exercise 3.9.

a. The frequencies of the three alleles in the population are
Ay A, Ay

1 1 1

64A2 12 12

1 1 1
34A3 6 6
1 1 1
PR 4 4
Total % % %

Or, alternatively for A, only:
P(Al):P(AlAz)P(Al |A1A2)+P(A1A3)P(Al |A1A3)
_3_1

12" 4

11,11
62132
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b. After random mating the genotypic frequencies from actual tallying is

P(G;-G,) Ad Ady, Ay Aydy Ay Ay A,
2
(414)(A414) (%) 36 + 2 1
2
(at)(at) (3 =5=56 3 i ;
2
(k) o) (3 4= T I
(b)ak) 24=3=% 1 44 )
(A4)(4ds) 2-24=5=2 1 1 1 1
(4 o) 24h=2-1 Lo Loy

Multiplying the mating frequencies by the conditional probability for each offspring genotype gives the following
frequencies of the offspring genotypes:

_1+4+4 _ 9 _ 1. _ 24446412 _ 24 _ 1. _ 84446412 _ 30 _ 5 .

P(AlAl)_ 144 ~ 144~ 16° P(A1A2) 144 144~ 6° P(A1A3) 144 144 ~ 24°
_149+6 _ 16 _ 1. _18+4+6+12 _ 40 _ 5. _ 449412 _ 25 .

P(A2A2)_ 144 ~ 144~ 9 P(A2A3)_ 144~ 144~ 18° P(A3A3)_ 144 ~ 144°

c. Yes, the offspring genotypic frequencies are in Hardy-Weinberg equilibrium. If the male and female
gametic arrays are equal, Hardy-Weinberg .proportions are obtained immediately in the first generation after
random mating.

P(4A)=15=17cs  PlAd)=2-33=1% P(Adk)=2-13=55
P(pdy)=1t=3;  P(dod3)=2-13=10 P(dsds) =335 =5

Exercise 3.10.

Three-fourths of the AO individuals would be expected to be A0, and one-fourths of the AO individuals
would be expected to be A,O. The expected proportions of AjA;, AjA,, and A,A,; among AA individuals would
be

AAT AA, AA,

9/16 6/16 1/16

Exercise 3.11.
The maximum proportions of heterozygotes in a random-mating population are
m—1

m

,%, and for two, three, and m alleles, respectively. See equation (3.59).

| —

Exercise 3.12.
Let p4 be the frequency of the recessive allele.

. ZPA(lz_pA)
P4
8p4=2(1-py)
=2-2py
10p, =2

py= % =0.20 --see equation (3.35)



og - 2(1=14)
Py
98p,=2(1-py)
=2-2py
100p, =2
pAZ%Z%ZO.OZ

Exercise 3.13.
. 2(13,655)+678 27988

P4 28,690 = Sego0 = 0-97553154
Py =1-0.97553154 =0.02446846
Expected number (E) O-E v
AA 132 (14,345)=13,651.588 -3.412 0.00085277
Aa 2pq(14,345)=684.823 +6.823 0.06797862
aa (22(14,345)=8.588 -3.412 1.35558267

1.42440 < Z&:l,azo.os =3.84, nonsignificant

Degrees of freedom equal the number of cells minus 1 minus the number of independent parameters which are
estimated from the data and are used to calculate the expected numbers. In this case, the degrees of freedom equal
one.

Exercise 3.14.

Two generations of random mating are required to reach Hardy-Weinberg proportions when the allelic
frequencies at one or more loci are different in the two sexes. In first generation of random mating, the genotypic
frequencies are not in H-W proportions, but the allelic frequencies are equalized between the two sexes due to
independent assortment of the sex chromosomes in gamete formation in every individual or for each allele. There
are equal frequencies of males and females for every gentoype. Then in the second generation of random mating
with equal allelic frequencies in both males and females, H-W proportions are established.

Exercise 3.15.
The allelic frequencies in the two populations are
0.50 0.48

py=025+——=05 p4=016+——=04
. ) 2 . ) 2
population 1: 0.50 population 2: 0.48
pa=——-+025=0.5 pa=——-+036=0.6
In the first generation of the cross:
Females
04 A 0.6 a
05A 0.20 AA 0.30 Aa
Males 0.20 AA +0.50 Aa+0.30 aa

05a 0.20 Aa 0.30 aa
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In the second generation of the cross after random mating:

045 A 0.55a
045 A 0.2025 AA 0.2475 Aa
0.2025 AA + 0.4950 Aa + 0.3025 aa
0.55a 0.2475 Aa 0.3025 aa

Equilibrium proportions would be achieved after two generations of random mating or one generation after the
cross itself.

Exercise 3.16.
a. The allelic frequencies in each of the two populations are:
Population X

X_ X 5 X XX
i =P11+2P12(%)=P11+P12
X_ X 5 X XX
Py =pn+2pi (%) =Pt Pid

Population Y

Y_ Y oY Y, ¥
i =P11+2P12(%)=P11+P12

Y_ ¥ oY Yo, oY
P2 =Pn+2pin (%) =Pt P2

b. The genotypic structure in the cross population is
44 A4y A4,

(P)(#)) (p) (2 )+ () (V) (p2)(r2)

The allelic frequencies in the cross population are [equation (3.100)]

X Y

pc=p1 + D1
! 2

X Y

c_ P2 + P
P = 5

c. Ifindividuals of the cross generation mate at random, Hardy-Weinberg equilibrium will be obtained in
the next generation, because with equal gametic frequencies on the male and female sides and random mating
Hardy-Weinberg proportions are obtained. The genotypic structure of the cross generation after random mating is

44 44, A4y

@l 2(rf)r2) (5]

2 2
X, Y X, Y\ X, Y X, v
_| Lt P _o| PP || P2 P _| P2 TP
2 2 2 2

d. The numerical values for the allelic frequencies in each of the two populations are
Population X

pif =0.20+0.25=0.45
X =0.30+0.25=0.55




Population Y
pi =0.40+0.20=0.60

Py =0.20+0.20=0.40
The genotypic structure for the cross population is

Population Y
A, A,
0.60 0.40
Al A1A1 A1A2
0.45 (0.45)(0.60) | (0.45)(0.40)
=0.27 =0.18 0.45
Population X
4 A4, A4,
0.55 (0.55)(0.60) | (0.55)(0.40)
=0.33 =0.22 0.55
0.60 0.40
The allelic frequencies in the cross population are
o= 0.45;0.60 0525
S = 0.55;—0.40 0475
The genotypic structure of the cross population after random mating is
A4 A4, A4y
C 2 C C c 2
(Pl ) 2(171 )(Pz) (Pz)
= (0.525)* =0.275625 =2(0.525)(0.475) = 0.49875 = (0.475)* =0.225625

Exercise 3.17.

No, a stable allelic structure at every locus does not imply a stable multilocus gametic structure or a stable
genotypic structure from generation to generation. If the population is not in linkage equilibrium, the gametic
structure will change from generation to generation.

Exercise 3.18.

a. Let p; = frequency of ith allele at 4 locus, and 7; = frequency of jth allele at B locus. With linkage
equilibrium the frequency of 4;8; gamete is p;7;. Using the random-mating theorem, we know that the frequency
of any genotype is the product of the gametic frequency, i.e.,

p(AiAi’Bij’) = (Pi’”j )(pi'rj’) = pipiTiT}

Thus, for any fixed combination i and i’, we sum over all combinations of j and ;'



mp mpg mg mg
22 p<AiAi'Bij') =22 pipirity
Jj=1j"=1 j=1j'=1
mg mg
ZPiPi'Z Z riry
j=1,=1
= pipy (1)

=p;py  foreveryiandi’
This proves that H-W proportions exist for the 4 locus in that every genotype at the 4 locus is the product of the
corresponding allelic frequencies. In like manner we can prove that H-W proportions exist for the B locus.
We can, of course, double sum with respect to i and i’, in addition to the double sum with respect to

jandj',

my my mpg mp
=> > i), D ity

i=li'=1 j=1j=1
and, in like manner to that above, establish H-W proportions for both the 4 and B loci.

b. Using the random-mating theorem, we know that the frequency of any genotype is the product of the
gametic frequencies, i.e.,

P(AiAi’Bij’) (Pz” + A 1)(pi'rj’+Ai'j't—l)

Furthermore to obtain the frequency of any genotype, say A4;4;, we must sum over all genotypes at the B locus

mp mp
3 p(AiAi'Bij’) Z z (Pzr + A 1)(191'””] +Ai'j't—1)

J=1j"=1 J=1;'=1
mg mp
=Z( e +Alﬂ I)Z( 2 +A~ )
= j=1
- plzr]+ZAljt 1 [ i ZV +ZAl]t—1
- [ P (1) + 0][ pl« O [see equations (3.62A) and (3.62B)]
= piby

which proves that H-W proportions or random mating exists at the 4 locus. Likewise we can show that H-W
proportions or random mating exists at the B locus.

Exercise 3.19.
Yes, with multiple alleles linkage equilibrium may exist for some combination of i and j in that
P4B; =P4PB;> but for other combinations of i and j, p 4B; * PA4PB, - All that is required for the existence of

linkage disequilibrium in the population as a whole is to have p 4 B; # P4 PB, for at least one combination of i
and j.

Exercise 3.20.
a. From equation (3.63) the frequency of the AB gamete is

PaB =PaPB+A 4B
=(0.4)(0.7)+0.07
=0.35
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The frequencies of all gametes are

B b
A p4p =0.35 pap =0.05 0.4
a DPap =0.35 Pap =0.25 0.6
0.7 0.3 1.0

The frequencies of the following genotypes in the population are
p(48)=(035)(0.35)=0.1225

2p(4£)=2(035)(0.25)=0.1750

2p(42)=2(0.05)(0.35) = 0.0350

b. When the loci are linked ( P = %) , the frequency of the gametes from the population are obtained

directly as follows:

Genotype Frequency AB Ab aB ab
AB/AB (0.35) (0.35)=10.1225 1

AB/ADb 2(0.35) (0.05) =0.0350 0.5 0.5

AB/aB 2(0.35) (0.35) =0.2450 0.5 0.5

AB/ab 2(0.35) (0.25)=0.1750 0.375 0.125 0.125 0.375
Ab/Ab (0.05) (0.05) = 0.0025 1

Ab/aB 2(0.05) (0.35)=0.0350 0.125 0.375 0.375 0.125
Ab/ab 2(0.05) (0.25) = 0.0250 0.5 0.5
aB/aB (0.35) (0.35)=10.1225 1

aB/ab 2(0.35) (0.25)=0.1750 0.5 0.5
ab/ab (0.25) (0.25) = 0.0625 1
Total 0.3325 0.0675 0.3675 0.2325

By use of equation (3.82), we obtain each gametic frequency directly as a function of the gametic frequency of the
previous generation:

PABt = POPABt-1 + PLPAPB
=0.75(0.35)+0.25(0.4)(0.7)

=0.3325

Pabt = POPAbt-1 T PLP AP
=0.75(0.05)+0.25(0.4)(0.3)
=0.0675

PaBt = PoPaBt-1t P1PaPB
=0.75(0.35)+0.25(0.6)(0.7)
=0.3675

Pabt = PoPabt-1+ P1PaPhb
=0.75(0.25)+0.25(0.6)(0.3)
=0.2325
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c..After random mating the linkage disequilibrium for gamete AB by definition is [see equation (3.61)]

Ayt = PaBt — PaPB

=0.3325-(0.4)(0.7)

=0.0525
The linkage disequilbrium calculated from that of the previous generation by equation (3.85) is
A 4Bt = PoA 411
=0.75(0.07)
=0.0525

Exercise 3.21.
a.

Conditional probability
Genotype Frequency AB Ab aB ab

4B 1
AB 4

AB 1
ab 2

v
v

|
(e
._.l
(e

ab 1
ab 4 1

9 1 1 9
Total 20 20 20 20

o (48)-2(3) ) )5 o0

e. Aypo=s —%(%) =0.45-025=020 [see equation (3.94)]

A4 =0.10= poA 4o
=(0.8) 0.20
019 = (0.8)'
t1og0.8 =1log(0.5)
£(1-0.90309) =1-0.69897
£(0.09691) = 0.30103

t =3.10628 generations required for the linkage disequilibrium to decrease halfway to equilibrium
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Exercise 3.22.

mp my
The proof that Z A; =0and Z Ay = 0 for m, and mjp greater than two is derived in equations (3.62A)

Jj=1 i=1
and (3.62B). For the first equality we have
mp
j=1
mp
Z(pij _pipj)zo
j=1
Z Pij — Pi ZP ;= 0
J J
pi—pi(1)=0
pi—pi =0
0=0
Likewise for the second equality we have
ny
i=1
my

Z(pij _pipj)zo
i=1

2. pij—P; 2 pi=0
i i

pj-p;(1)=0
Pj—PJ':O
0=0

Exercise 3.23.

a. The Hardy-Weinberg condition for an autosomal locus is that condition when every genotypic
frequency at any single locus in a single population is equal to the product of the corresponding allelic
frequencies.

It is achieved after one generation of random mating when the male and female gametic arrays are equal.

b. Linkage disequilibrium exists for any population when the frequency of any kind of gamete differs
from the product of the frequencies of the corresponding genes. For example, linkage disequilibrium exists at two
loci if the linkage disequilibrium value A 4 B; =P4B, ~P4PB, differs from zero.

Linkage disequilibrium is brought about in the initial population or amongst the founder individuals from
selection, or migration, or hybridzation, or by chance in a small population, when the particular genes are
associated more or less frequently than the product of the frequencies of the corresponding genes.

No, association of genes on the same chromosome is not essential for linkage disequilibrium; it simply
depends upon how they are associated in the individuals in the initial population.

The only role of chromosomal association upon linkage disequilibrium is its influence upon the loss of
linkage disequilibrium from generation to generation. The rate of loss is p;.

Linkage disequilibrium affects the frequencies of all 10 possible two-locus genotypes from generation to
generation until ¢ — co.

c. Hardy-Weinberg is a one-locus genotypic phenomenon whereas linkage equilibrium is a two or more
locus gametic and genotypic phenomenon.
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Exercise 3.24.

Probably the simplest approach is to construct a 2 x 2 table, incorporating the restrictions that the sum of
the disequilibrium values, weighting each cell equally in every row and column, equals zero and the further
restriction that all gametic frequencies must be zero or greater (i.e., no negative gametic frequencies can exist).
Focusing on the cell with the lowest equilibrium frequency (cell for 4,8,), the maximum absolute disequilibrium
would occur for p4p =0.00 or p,p =0.20. Hence, we present two 2 x 2 tables: 1) when the gametic

frequency p 4B, = 0.00, and 2) when the gametic frequency p 4B = 0.20.

1) When the gametic frequency p 4B, = 0.00:

B By Total
A1B1 A1B>
p1.p1=0.06 PPy =024 p1.=03
A1 P4, =0.00 P, =030
AAIBI =-0.06 AA1Bz =0.06
A2B A>B>
PrpP1= 0.14 PrpPo= 0.56 P2 = 0.7
AZ pAZBI =0.20 pAsz =0.50
A 45 =0.06 A 45, =—0.06
Total p.;,=0.2 p2=0.8 1



2) When the gametic frequency p 4B,

14

B By Total
A1By A1By
p1.p.1=0.006 PPy =024 p1.=03
A P, =020 P, =0.10
AAIBIZO.14 AAIBZZ_O'14
A2B A>B>
pap1=0.14 P2 pa=0.56 p2.=0.7
A2 pAZBl =0.00 pA282 =0.70
Ay p =—0.14 Ay p, =0.14
Total p.;,=0.2 p2=0.38 1

The absolute linkage disequibrium value is the greatest when p AB = 0.20, namely, A 4B = 0.14 . The linkage

disequilibrium values for the other gametes are: Ayp =-0.14, Ay p =-0.14,and A p =0.14.

More formally, one can write A 4 p = p4p — P4 PpWherep p < min(pAl =0.3,pp = 0.2) <0.20, so
0.00< pAlBl <0.20. When pAlBl = 000, AAIBI =-0.06 5 and when pAlBl = 020, AAIBI =0.14. ThUS, the
maximum absolute linkage disequilibrium exists when p 4B = 0.20. All of the gametic frequencies and linkage

disequilibrium values for that case of p AB = 0.20 are given above.

Exercise 3.25.

Way 1: P4Bt=P4PB, +AAfB_/f =p4Pp;+ P(t)AA[B_jO see equations (3.63) and (3.86)

Way 2: P4Bt = P4B;0 —(1 - P(t))AAiBjo see equation (3.95B)

In the first way, we add the linkage disequilibrium in generation ¢ to the gametic frequency with independence of
allelic frequencies. In the second way, we subtract the loss in linkage disequilibrium over ¢ generations from the
initial gametic frequency.
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Exercise 3.26.

A4B;0=P4B,0 = P4PB, [see equation (3.61)]
=0.28-(0.3)(0.8)
=0.28-0.24
=0.04

Aypu = POA 4B 0
10
Ayp10=009)"Ayp 0
P4B10=P4 P, TAyp10  [seeequation (3.63)]

=(0.3)(0.8) +(0.9)'°(0.04)

Exercise 3.27. [3.22]
The fraction of the linkage disequilibrium lost in each generation is p; [see equation (3.91)], and that lost

after t generations is 1— p6 [see equation (3.93)].

Exercise 3.28.
The loss in linkage disequilibrium after the first generation of random mating is pA 48,0 The amount

of loss in the second generation is p; of that retained after the first generation, namely, p ( PoA 4 Bjo) . The
amount of loss in the third generation is p; of that retained after the second generation, namely, p; ( p02 Ay B/O) ,
and so on for the tth generation. Hence, the total loss is
total loss = plAO + plpOAO + plp(%AO +-e- 4 p1p6_1A0
2 -1
=(p1 +P1P0 + PP+ PLA )Ao

The quantity ( £1+ PP+ P pg + 4 p(t)_l) is the sum of a geometric series where the first term a is p , the

pl(l—pé):(l_pé)'

¢
common ratio r is p, and the number of terms n is ¢, so S = o VeV
1-po A

A more direct solution is the following. We desire to prove that

a—arn

1—p6:S= I-r

Starting with 1- p6 , we multiple both the numerator and denominator by (1 - po)
¢
,_=2)(1=20) (1= p0)-(1- )b
1-pp= =
1-p 1-po
Letting 1- py =a,py =r, and t =n, we have

(1-p0)=(1=p0) Pb _a-ar"
1-py -7
In this particular geometric series a and r are functionally related, i.e., a=1-7r.

which is the sum of a geometric series.
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Exercise 3.29.

I would expect inbreeding to slow the rate of approach to linkage equilibrium in a large inbred population.
Inbreeding leads to an increased probability of union of like gametes. Conversely, inbreeding leads to a decrease
in the probability of union of unlike gametes, and thus a decrease in the probability of recombination between
unlike gametes. Since the recombination between unlike gametes is what leads to linkage equilibrium, inbreeding
would reduce the rate of approach to linkage equilibrium.

Exercise 3.30.

a. See Section 3.4.5, pp. 3.74 to 3.77. The initial linkage disequilibria in males and females for linked loci
are
Ap = pAB ~P4PB, = 0.28—(0.3)(0.8)=0.04

Af = pfli 5, ~ P45, =026-(0.3)(0.8)=0.02
The linkage disequilibria in males and females for linked loci in generation 1 are
(AO +Al ) = (1)4(0.04+0.02)= 0.03
f_
A =py 2(

The linkage disequilibria in males and females for linked loci in generation 2 are
+af ) (1)4(0.03+0.027) = 0.0285

A{n—/?o 2

AR+ A] ) =(0.9)1(0.04+0.02)=0.027

AY = pg 2(
= pf 2(A1 +Af ) (0.9)1(0.03 +0.027) = 0.02565

The general expressions for linkage disequilibrium in the males and females as a function of initial linkage
disequilibrium are

AT = p('Ag Al = pf A
A% = o (a7 + ] ) a] = pf (Al +a] )
=Py’ %(pé”Ao + P({Zo) - p{%(ﬂfﬁo + p({Ao)
m f m f
PO TPy~ Po TPy «
=p0 A =p] A
2 2
= 0 Polo = p{ Poro
Ay = pjt L8y + ) 8] =pf (a8 +4{)
=L Ao+ o PoA /1 Ao + o PoA
£0 2,00/?00 Py PoRo /?02/?0,000 Py LoBo
e TR -
L — PoAo =Py Podo
=P0 PoAo = pg Po Ay
-1 (1)~
AT = o 28 Ay Al = pf 28
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By the use of these general expressions the linkage disequilibrium values in generation 3 are
"=l ,5(()"1)&0 = (1)(0.95)%(0.03) = 0.027075
A =pf ﬁ(()"l)Zo =(0.9)(0.95)%(0.03) = 0.0243675
We calculate the mean linkage disequilibria for generation 1, 2, and 3:
Ay = ppAg =0.95(0.03) = 0.0285
Ay = A =(0.95)%(0.03) = 0.027075

As = Py =(0.95)°(0.03) = 0.02572125
which agrees with the mean of the disequilibrium values for the males and females:

m f
AT AT _ 00310027 _ ) 085
2 2 '
m f
A2 TAY _ 0.0285+0.02565 _ 0027075
2 2 '
AT 4 A
3HA3 _ 0.027075+0.0243675 _ o 00572125
5 2

b. For loci on separate chromosomes (so recombination does occur) we have

A = ot %(A()” n A{) =0.5(1)(0.04+0.02)= 28 = 0,015

f_ 51 /)= 1 ~003 _
A = p E(Agf +A] )_0.5(3)(0.04+0.02) =003 _ 0,015

The linkage disequilibrium values become the same for both sexes.
The easiest way to calculate the linkage disequilibrium is to calculate the mean of the initial linkage disequilibria

and to apply a formula analogous to (3.86).
A= P6A0
1)’ 0.03
Ay = (5) (0.03) = &93 = 0,00375
It is dissipated in the same manner as occurs in a single random-mating population.

_ 1t
A = PoA4B,0

Exercise 3.31.
Equation (3.102) embodies the conditions when either linkage equilibrium or linkage disequilibrium
exists in the gametes produced from the cross population itself. The equation is repeated here.

c  _1 m f 1 _ m_ f m _ f
AA,.Bj =20 (AAiBj +AA,-BJ-)+Z(2/00 1)(PAi Py, )(pgj ijj
It is observed that there are two major terms on the right-hand side of the equation, term 1 and term 2.

Linkage equilibrium exists in the gametes of the cross population when equation (3.102) is equal to zero.
This occurs when both terms equal zero, or when these two terms are equal in magnitude but opposite in sign.

. m f . .
The first term is equal to zero when A 4B, and A 4B, are both equal to zero or when they are equal in magnitude
but opposite in sign, i.e., A’Z' B = —Ag 5. - The second term is equal to zero when p =% or
i)
S S

iB;
m _ m
Py =Py OPp, =P,
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Linkage disequilibrium exists in the gametes of the cross population when equation (3.102) is not equal to
zero. This occurs when one or both terms are not equal to zero and do not cancel. This occurs when

1) AZ . and/or A£ 5. arenot equal to zero, i.e., one or both populations are in linkage disequilibrium, and do not
2] i

. m _ f
cancel, i.e., AAiBj # AA,-BJ- , and

2) term 2 is not equal to zero when the genes are linked ( £o > %) s Py, is not equivalent in both populations

( pZ # pgi ), and ps, is not equivalent in both populations ( p}?j # pgjj.

Exercise 3.32.
The expression for linkage disequilibrium in a cross is equation (3.102):

c _1 m f 1 _ m _ _f m _ _f
AA,.Bj =20 (AAiBj + AAiBj)+ +(2p9 1)(PAi Py, )(pgj ijj
If that expression sums to zero for every combination, we have linkage equilibrium at loci 4 and B. There can be
specific cancelling effect within the first major term and/or between the two major terms. If the first major term
sums to zero for all combinations of i and j and there is independence (no linkage) or the same frequency of every

A; allele exists in the two populations or the same frequency of every B; allele exists in the two population, there is
linkage equilibrium. If any one of the three factors is zero, the second term equals zero.

Exercise 3.33.
In Example 3.2, the observed departures are all due to linkage disequilibrium. For example, in generation
2 the frequency of any genotype is a function of linkage disequilibrium, i.e., for AB/AB, we have

P(%)z = (pAB,l )2 = (PAPB +A4p) )2
SECR]
)

=9

o4
Likewise for the double heterozygotes, AB/ab and Ab/aB, the sum of the frequencies of coupling and repulsion
phase, heterozygotes is

p(%)z + p(ﬁ—g)z = 2(pAB,1pab,l )+ 2(pAb,1paB,l )
(

—2(2 1)_-9 .1 _35
=2 64)+2(64)_ 32132716
The difference between the frequencies of the coupling and repulsion phase, double heterozygotes is
AB) _ ,(4b} —9 1 _1
p(ab)z p(aB)2_32 3274
This difference in genotypic frequencies between coupling and repulsion phase, double heterozygotes is an
equivalent measure of linkage disequilibrium [see equation (3.66)]; the difference in generation 2 is twice the

linkage disequilibrium in generation 1 as we have designated the generations [see equations (3.64) and (3.72)],

namely, 2A 451 = 2(%) = %.
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In Example 3.4, the frequency of all nine genotypes (coupling and repulsion added together) is equal to
the product of the marginal frequencies of the corresponding single-locus genotypic values. This is true because
in this example both parental populations were in linkage equilibrium. It is this fact that makes the following true
(along with random mating):

p(%)c =p(AA)Cp(BB)C

= Parh
=(puprs )2 -- the product pa times pp implies linkage equilibrium, and

and the product pp pp times pa pp implies random mating
=(paz)’

This last expression above implies that the linkage disequilibrium is zero because

(P4B )2 =(p4pp +A4p )2 where A 45 =0. This is also true for the sum of the coupling and repulsion double
heterozygotes

p(%) + p(j—é’) =0.075+0.095=0.170 which is equal to the product of the two single-locus

frequencies, p 4, Ppp = 0.340(0.50) =0.170, implying linkage equilibrium.

Now why do the frequencies of the coupling and repulsion double heterozygotes differ? It is simply
because the frequency of the four kinds of gametes in the two parental populations are different,

p(42)-p(4L)= pligp), + Pt - [pﬁfbp{b» + pZ”Bpﬁb}
=0.42(0.05) +0.12(0.45) [ 0.28(0.05) +0.18(0.45) |

=0.021+0.054—(0.014 +0.081)

=0.075-0.095
If the corresponding frequencies of the four kinds of gametes were the same in the two parental populations, then
the difference between the frequencies of the coupling and repulsion double heterozygotes would be zero. For

example, if the f population would have the same gametic frequencies as the m population, then we would have
0.42(0.12) + 0.12(0.42) — [0.28(0.18) + 0.18(0.28)] = 0.504 +0.504 — [0.504 +0.504] = 0.

Exercise 3.34.
a. The linkage disequilibrium for the AB gamete from the m population is

Aip = Plip — P4 (pfé)

=0.42- (0.8)(0.55) =0.42-0.44=-0.02
The linkage disequilibrium for the AB gamete from the f'population is
Mg =Pl — P (P5)

=0.45- (0.8)(0.55) =0.45-0.44=0.01

Notice that the linkage disequilibrium value of —0.02 for the m population and that of 0.01 for the fpopulation are
opposite in sign. The mean of the two values is

A _ —=0.02+0.01 _ _
Ayp= > =-0.005
An alternative way to calculate A 4B 1s by use of the mean of the gametic frequencies:

A 4p =2425095 (0.8)(0.55) = 0.435 - 0.44 = -0.005
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b. The corresponding values for the other three gametes are:
Ab AT = p" — pb ( v ) =0.28—(0.8)(0.45)=0.28—0.36 =—0.08

/o _
A, =0.45-0.36=0.09

ZAb — —0.082+0.09 _0.01 _ 0.005

2
aB Al =p' - pf (pg)z 0.18-(0.2)(0.55)=0.18—0.11=0.07

AS5=0.05-0.11=-0.06

Ap = 0.0750.06 _ % —0.005

ab A" =pl —pS (pg)z 0.12-(0.2)(0.45) = 0.12-0.09 = 0.03

/o _
Al =0.05-0.09=-0.04

X _0.03+(-004)  _g0; _

b . .01~ 0,005

c. The mean of the gametic frequencies from population m and population f'are
ﬁAB — 0.42-50.45 =0.435

ﬁAb — 0.28-50.45 =0.365
]_7aB _ 0.18-50.05 =0.115
Db = 0,12-50.05 =0.085

The linkage disequilibrium is [see equation (3.64)]
Ayp =P 4Pap — PapPap =0.435(0.085)—0.365(0.115) =0.036975 - 0.041975 = —0.005

No, it is not equal to —0.010, the value given in the Exercise itself; it is one half of that value. It is the same as
that in (a) and (b).

Why? I am not too clear on the possible reason, but that measure of —0.010 is the result of union of
individual gametes from the m population and from the f'population. There is no averaging effect to reduce the
deviation. When we define linkage equilibrium for each gamete from the m and fpopulations relative to the cross
itself, we observe that they are opposite in sign and show less deviation (like a mean). I would suggest that the
reason for the relation is that we are using the mean of the gametic frequencies from the two populations, i.e.,

Ayp =%—(0.8)(0.55) =0.435-0.440 =—0.005

The original measure of —0.010 is the union of gametes from the m and f population and there is no averaging
involved.

Exercise 3.35.

Similarities between two-locus and three-locus disequilibria are:
(1) Two-locus and three-locus linkage disequilibria are defined in the same way, namely, as a departure of their
gametic frequencies from that of independence of the corresponding genes

AAiBj = pAiBj —pAiij equation (3.61)

A4B;C, =P4B,C, ~P4,PB,PC, equation (3.112)
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(2) Gametic frequencies [and hence their linkage disequilibria, see equation (3.63)] for both can be expressed in
generation t in terms of complementary gametic group probabilities

PA4Bjt = POPAB;i-1 T PLP 4 PB, equation (3.82)

P4B;Cyt = POOP4B,Ct-1 + POLPC, P 4B -1 equation (3.114)

tP10P 4, PBCit-1 T PLIPB, PAC, -1
(3) The higher-order, three-locus linkage disequilibrium measure or the adjusted three-locus linkage
disequilibrium value behaves like the two-locus linkage disequilibrium measure, i.e.,
5AiB_jth = pO()gA[Bjth—l VS. AA[Bjt = p()pAl-Bjt—l equation (31 19) VS. equation (386)

04, BCyt = Phod 4B,C,0 Vs. Ay B = Yz 48,0 equation (3.119) vs. equation (3.86)

We regard the three-locus linkage disequilibrium as less important because the adjusted three-locus linkage
disequilibrium value is dissipated more rapidly than the two-locus linkage disequilibium value, i.e., rate of loss is
3p,/2 [see equation (3.125)] which is 50% greater than that for two loci for an equivalent recombination value.

Exercise 3.36.
We assume the following allelic frequencies:
p4=06,p,=04

pp=0.7,p,=03

pc=05,p.=0.5

Then the equilibrium gametic frequencies are:
ABC =0.6(0.7)(0.5)=0.21
ABc=0.6(0.7)(0.5)=0.21

AbC =0.6(0.3)(0.5)=0.09

Abc =0.6(0.3)(0.5)=0.09
aBC =0.4(0.7)(0.5)=0.14
aBc=0.4(0.7)(0.5)=0.14
abC =0.4(0.3)(0.5)=0.06
abc =0.4(0.3)(0.5)=0.06

We create the three-locus linkage disequilibrium by adding or subtracting an arbitrary amount (0.01) from the
three-locus gametic equilibrium values. Since it is a three-way table, we construct two two-way tables—one for
gametes which carry the C allele and one which carries the c allele.

=(0.7)(0.5)

=(0.3)(0.5)

=(0.7)(0.5)

=(0.3)(0.5)

Gametes with C allele Gametes with c allele
B b B b
A ABC AbC AC A ABc Abc Ac
0.22 0.08 0.30 0.20 0.10 0.30
=0.21+0.01 =0.09-0.01 | =(0.6)(0.5) =0.21-0.01 =0.09+0.01 | =(0.6)(0.5)
a aBC abC aC a aBc abc ac
0.13 0.07 0.20 0.15 0.05 0.20
=0.14-0.01 =0.06+0.01 | =(0.4)(0.5) =0.14+0.01 =0.06-0.01 | =(0.4)0.5)
BC bC C Bce be c
0.35 0.15 0.5 0.35 0.15 0.5



22

From the marginal frequencies of the two above tables it is observed that linkage equilibrium exists for loci 4 and
C and for loci B and C. By adding the corresponding cells in the two above tables one obtains the gametic
frequencies for loci 4 and B which is also in linkage equilibrium:

gamete AB =0.22 + 0.20=0.42 = (0.6)(0.7)

gamete Ab=0.08 + 0.10 =0.18 = (0.6)(0.3)

gamete aB =0.13 + 0.15 =0.28 = (0.4)(0.7)

gamete ab =0.07 + 0.05=0.12 = (0.4)(0.3)

The three-locus gametic frequencies, of course, exhibit linkage disequilibrium:

A 4pc =Bapc = A gpe =Agpe =0.01
A gpc =Bupc =D ype =Agpe =—0.01

Exercise 3.37.

Offspring
Mating type Male Female
Male Female Frequency A a AA Aa aa
2
A AA pp 1 1
1 1 1 1
Ada - p2pq 2 2 2 2
aa p: q2 1 1
a A4 q-p? 1 1
1 1 1 1
Aa - a-2pq 2 2 2 2
aa q- q2 1 1
Male:

pa: P +p-2pgl+q-p’D+q-2pgd
=p’+p’q+pa+pg
=p*(p+9)+ pa(p+q)
=p*+pq
=p(p+q)
=p

Pat P2pgi+p-?)+q-2pgi+q-q* ()
=p’q+pa’+pg°+q°
=pa(p+ ) +q°(p+q)
=pg+q’°
=q(p+q)
=q
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Female:

2 3 2 2 2
Paa: pp )+ p-2pgL=p’+pg=p (p+q)=p

2 2
Paz: P-2pa%+p-¢"(N+q-p"(V+q-2pg5

2 2 2 2
=p°q+pq° +4p° +pq
=pq(p+q+p+q)=2pq

2 2 3 2 2

Paa’  4°2P95+q-4"()=pg”+¢" =q"(p+9)=¢

Exercise 3.38.
The percentage of males showing the trait is

10.2025 =0.45 or 45%
That proportion is the same for a nonrandom-mating population as for a random-mating population.

Exercise 3.39.
1

The probability that the woman is a carrier is one-half, or P(Woman is carrier) =5

If she is a carrier, the probability that she will have an affected son is one-half, or
P(son is affected|woman is carrier) = %,

or P(son is affected ) = P(woman is carrier ) P(son is affectedwoman is carrier) =1

4

Exercise 3.40.
2 2 2
a. p'q+pq =pq(p+q)=pg=(1-9)q=q9—q

b. ¢ +pg® =¢*(g+ p)=(1-p)*

(=29 =[1-2(1- p)P =[1-2+2p)* =2p-1)*

o

d PP - =(p+9(p-9=p—q

2 2 2
1-2pg—-2pq=p~+q~—2pg=(q—p)” or
2 2 2 2 2
P +2pg+q° —4pg=q° —2pq+p°=(q—p)

@

¢ 1=2p _p+q-2p _g-p_q p _1 1
P4 prq P4 prq9 prq9 p 4



