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SOLUTIONS TO EXERCISES FOR CHAPTER 10

Exercise 10.1.

a. The primary meaning of the subtitle “Mating Designs with Unrelated Mates” is that the measured
individuals X and Y are noninbred when the mates are unrelated. A secondary meaning of the subtitle might also
be the implication that individual parents within a set of parents are independent of each other, i.e., chosen at
random.

b. Cockerham uses the subtitle so that he can interpret or translate the covariances of relatives into genic
variances by the general formula [see equation (9.144)]

Cov(X, Y)=20yy07 +Sxv0oh +(20XY)2 T

Exercise 10.2.

Examples of a one-factor mating design are half-sib families, full-sib families, or identical genotypes
(pairs of identical twins).

An analysis of variance table for a one-factor mating design consisting of half-sib families is:

Source df Expected mean square
Among half-sib families  f- 1 szy + no% = [COV(Y, Y) - COV(H.S.):| - nCov(H.S.)
Individuals within fin—1) GVZV = [COV(Y ,Y ) - COV(H S )]

half-sib families

The one-factor mating design containing half-sib families is probably the most useful because the single
genetic design variance component is composed primarily of additive genetic variance and contains no dominance
variance.

Exercise 10.3.

It is advantageous to use inbred parents in estimating genetic variance components, because the
components have larger coefficients and, hence, have smaller error variances. The components are estimated
more precisely. By using parents with different levels of inbreeding, variation in the coefficients is introduced
and thereby permits one to estimate a greater number of covariances of relatives.

Exercise 10.4.

a. An open-pollinated family from a single individual female plant in an open-pollinated variety of maize
is formally a maternal half-sib family, i.e., every individual in the family is assumed to have had a different male
parent from the population so every individual in the family is truly a half sib to every other individual in the
family.

b. This implies that adjacent plants surrounding the harvested female plant did not contribute any more
pollen grains or gametes than plants much further removed. This is probably a false assumption. In reality, the
family is a mixture of half sibs and a few full sibs. The full sibs result from a single male parent contributing
more than one effective pollen grain per female parent. There may also be a small proportion of selfed
individuals in the family because maize does not have a self-incompatibility system.



c. The family variance component is generally set equal to the following fractions of additive types of
variances in the population %ai + %ai Vhs éai A4 T

d. The assumptions are that we truly have a half-sib family and no maternal effects. There are also many
additional assumptions which could be enumerated, namely, regular disomic inheritance, no environmental
covariance between relatives, parents of relatives are unrelated so relatives are noninbred, Hardy-Weinberg
equilibrium, linkage equilibrium, and no genetic linkage between loci.

Exercise 10. 5

a. O'g %O‘A+‘1tO'AA+éO'AAA+ and
asz = 0% +%‘7§1A + aﬁD + O'%D +%0§1AA + O'iAD + U,%IDD + Uzz)DD +--- exists when all the parents of a diallel
cross are fully inbred (/= 1). From Table 10.2, p. 10.11, the design variance components are expressed in terms
of covariances of relatives. Then each covariance of relatives can be expressed in terms of genetic variance
components for any level of inbreeding of the parents by use of equation (9.144) and 26y in terms of F for
different kinds of relatives given in Table 9.5, p. 9.52. Assuming F = 1 we have for aé :
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b. No. Asa minimum assumption, one would have to assume that O'é contained only 0'31 ,l.e.,all

additive-by-additive types of epistatic variance components were equal to zero. In that case, an unbiased estimate



of the additive variance would be two times 6§ . In this case,

2_ 2 2 2 2 2 2 2 : : igs :
oy =0p+04p+0pp +04up +04pp + Oppp +--- and o would contain dominance, additive-by-dominance
types, and dominance-by-dominance types of variances.

c. Yes, because with O'SZ =0, 0'123 and all epistatic components are equal to zero which means that cré

contains only %Gi .

Exercise 10.6.

To derive the covariance between any two relatives, X and Y, for any mating design, we write the model
for the phenotypic value for individual X and then we write the model again for the phenotypic value for
individual ¥, putting primes on all of the subscripts. For the diallel model for individual X we have

Vg =p+gi+gj+m—m;+s;+1;+&5,

where the first subscript position on Y occupied by i denotes the male parent and j denotes the female parent of X.
Then writing the same model for individual ¥ with primes on all subscripts, we have

K/Jl/:}[j—}-glr—}-gjv—‘,—mr m]r—‘f-sl/]/+}/'lrjr+gl/j/r

where again that first position on ¥, occupied by i' denotes the male parent and ;' denotes the female parent

of Y. If X and Y are related to each other as reciprocal full sibs, then that relation of the reciprocal full-sib cross
can be denoted by i’ = j and j' =i with £’ # k because X and Y are two different individuals. Then

Yoo =Yg =p+g;+ g +mj—my+Sj; +1; +&jy

Therefore the covariance of reciprocal full sibs is
Cr = COV( ykaYzy'k') COV( l]k’Y]lk')

:E[(Kjk_ﬂ)(yjik’_ﬂ)}
:E[(,u+gl-+gj+m —mjt s+t g — y)(y+gj+gl+m mi"'Sji"‘rji"'gjik’_ﬂ)]

=E[(gl+gj+m —mj+ Sy 1 g )(gj+gl-+mj—ml-+sjl~+rﬁ+gﬁk/)}

When we multiply the first expression by the second expression, we obtain 49 individual product terms and must
consider the expectation of each of the 49 terms. Only those products involving the same terms in the model and
have the same subscript contribute a variance component to the covariance. The nonzero terms are

Cyr=E g,) +E(gj)2 —E(mi)z —E(mj) +E(Sljsﬂ) E(rijrji) + 41 other products equal zero

2 2 2 2 2 2 —
=04 +0g =0, —0p +05 — 0O, because s ;; =s;; and rj; = —r;

=20g—20,%,+03—0,2

Exercise 10.7.
a. We assume no maternal or reciprocal effects.

oy =Cpy » thensince 20yy =+(1+F4)=+(1+1)=2=1,and 6, =0

L2 1.2 1 2 1 2
SO _Cps —5014 +ZO'AA +§0AAA +...



2+FA+FBJO'§1+(1+FA)(1+FB)0'12)+[2+FA+FBJ20_2 c
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b. It is certain that the 01%/[ variance component would be biased upward if the males represent selected

individuals or selected inbred lines in the two tails. It is also certain that the covariance among full-sib families
would be increased. What I am uncertain about is the effect of the use of selected males on the variance

component 012: /pm per se since it is difference between the covariance between full sibs and 0']%/[ , both of which
are increased. Nyquist is uncertain.

Exercise 10.8.
Part I.

l.a. The expected variance of family means in terms of genetic effects is obtained by substituting the
genetic deviation of each family mean from the grand mean, squaring the deviation, and weighting that expression
by the frequency of each of the three corresponding genotypes in the population, as shown in equation (9.15) and
in the derivation after equation (3) in Box 9.2, namely,

200
2 (-1

E| =L ™ =E(Y.—u) =E(G; —G,_)2 = piai +2pip, [%(0!1 +a2)]2 +pia3

%

1
2
1 2

where Y, denotes the family mean for an infinitely large family size.

Lb. The relationship between two random individuals in any family is half-sibs.
The expected variance among true family means is equal to %0'124 = cov(H S )

Yes, the value of %0124 is in agreement with other reported results.

L.c. The expected variance of individuals within families is equal to the deviation of an individual from
the family mean squared, weighted by the frequency of the individual in the family. Then these expressions for
each of the three kinds of families corresponding to the genotypes, 4;4;, 4/ 4,, and 4, 4, , are weighted by the
frequencies of the common parent in the population. The frequencies of the individuals within each family are
given in Table 9.1 (p. 9.7) under the conditional probabilities enumerated for the parent-offspring covariance.
The frequency of each of the three kinds of families is also given in column 2 of that same table. The deviations
of the means of the three kinds of half-sib families are oy,(e; +a;)/2, and a; , one-half of the breeding values

of the parent, 44,4, 4,, and 4, 4, , respectively, given in the last line of Box 9.1 (p. 9.9). The genotypic values



for individuals, 4 4;, 414y, and A 4, , are 2ay + 011,04 +ap + 01, and 2a, + 05, . The expected variance of
individuals within families is

2 2
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2 2
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2
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I.d. The variance of individuals within families in terms of covariances of relatives is equal to
0;,211 = COV(Y, Y ) - Cov(H.S.) where Cov(Y,Y) = covariance of an individual with itself
2 2 1 2

=0y + (o)) —ZO'A
= %ai + o% which agrees with that obtained in (c) above.
Le.
Source df Expected mean square
Among families 199 O'VZV + no% = I:COV(Y,Y) - COV(H.S.)] —nCov(H.S.)
Individuals within ~ 200(n — 1) oy =[Cov(Y.Y)-Cov(H.S.)]
families
0,,2,/ = [COV(Y,Y) - COV(H.S.):| = %0'5 + O'g = %0'1%1 + 0'%)
a% =C0v(H.S.) =%0'02l =%0'124

To show that the expected mean square among families is equal to that in (a) above, we must divide the
expected mean square among families by n and take the limit as # — oo because we assumed that the family size
above was a “very large number” (say, infinite), i.e.,

O'VZV + no% B (GI%V ]

—

lim 2V 22CF _ gim | 2 62 1

n—»x© n n—x0 n

which is equal to that in (a) above.



To show that this is also true in terms of the definition mean square, we first write the expectation of the
definition mean square for among families as
200

né(z, 7.y

E(Def. M.S.)=E
199

Then we divide the expected mean square by », and let n approach infinity as follows:
200 |

ny (%, -7.)
i=1
lim M: lim E| — 199 :E(YOO _#)2 :E(é_ﬂ)z
n—>00 n n—>0 n

which is equal to that in (a) above. (Note that I7, and Y ..are functions of n and become Y, and x as n — ).

Lf. Yes, the expected variance of the family means is different. It is increased because we have an
additional sampling variance due to genetic sampling of only 100 individuals within each family. There is a
different sample of 100 individuals in every family and that introduces the additional variance among families.
The variance of the means in terms of design components and additive and dominance variances is equal to

2 3.2, .2
— 2 o 2 494%0D 2 2 2
E(Yl —IU) —W'FUF —T‘F%O—A _%O_A +ﬁUD
Part II.
II.a. Full sibs,
Half sibs
ILb.
Source df Expected mean square
2 2 2
Among groups (G) 1o O +10CG + (150 = [C(Y.Y)-C(FS.)|+n[C(FS)-C(HS.)]
+15nC(H.S.)
Among crosses/  200(15—1) O'VZV + no%/G = [C(Y,Y) - C(F.S.)] + n[C(F.S.) - C(H.S.)]
groups (C/G)
Individuals within 3,000(n - 1) o7 =[C(r.¥)-C(F5.)]
crosses (I/C)
GVZV Z[COV(Y,Y)—COV(F.S.)] =(0124 +O‘%)—(%G,24 +%012))=%0124 +%U% =a§ +%0§
G%/G =[COV(F.S.)—COV(H.S.):|2%021+%G%—%o‘124 =%0-31+%512) =%O'025+%0§
o%; =|:COV(H.S.):| =%0'i =%0'é



The expected variance of the 200 group means, averaged over the progenies of the 15 crosses within each
of the 200 groups, is equal to

200 5
Z(Yi._y“) 2 2
E 121— — hm G_W+M+O-é
199 n—o| 15n 15
2
oC/G 2
=—=Y .5
15 G

It has increased variance because of the sampling variation due to crossing unto only 15 individuals
instead of no sampling variation in Part I, (a) to (d).

II.c. The expression for f, the number of individuals crossed unto by each of the 200 parental individuals,
is derived as follows:

2
oc/G +a§;

E 0'1%1

ILd.
f_afl+0% _100+20 120 _,,
Ec?  100(0.05) 5

One would need to cross each of the 200 individuals unto 24 or more random individuals to avoid increasing the
variance among group means by more that 5%, in contrast to testing 200 half-sib families.

ILe. Yes
The expected variance of the group means with 100 individuals tested in each of the 3,000 crosses is
increased from that of a very large number of individuals, say infinite, because of the genetic sampling within

each cross. The expected variance of the group means in terms of design variance components is
200

= = \2
(7 7.
- 2 2 2 2 2
E i=1 :O'W +noc/q +157’lO'G :O'W+O'C/G+
199 15n 15n 15

oG

2 2
o o
1,500 15
The expected variance of group means is increased by GV2V /1,500 compared to an infinitely large number of
individuals within each of the 3,000 crosses.
The expected variance of the group means in terms of additive and dominance variances is



1
4 152 (L 41, 1)52, (103 ),;2
+ GA_(3,ooo+60+4)5A+(6,000)UD

801 2 103 2

=3000°4 1 6,000°D

Exercise 10.9.

a. When the amount of inbreeding for each of the three sets of parents is different in this three-factor
factorial mating design, there are seven distinct covariances of relatives, namely, 2° — 1= 7. There are seven
covariances because the mating design is a three-factor mating design and there are seven terms or effects in the
linear model for a three-factor factorial model, Xju =u + A; + B; + AB; + C;+ AC; + BC;; + ABCy + €ju.

To describe the two additional kinds of relatives and the corresponding designation for the covariance
beyond the five given by Cockerham as listed in part (a) of Exercise 10.9, we consider the above model for
individual X and the same model for individual ¥ with primes on each of the subscripts. We consider all of the
eight combinations when each of the three subscripts, i for the A parent, j for the B parent, and / for the C parent,
are equal or not equal in the X and Y models. We deduce the covariance designation from the following analysis
and the pedigrees given in part (a) of Exercise 10.9 for the mating pattern.

D i=i',j=j",I1=1,k # k'all three subscripts alike Crc (11),(2,2),(3,3),(4,4),(5,5),(6,6),(7,7),(8,8) *

Full sibs, parent from mating BC and parent A both common
i=i,j=j 1=l only A and B subscripts alike  Cyy.5 (1,3),(2,4),(5,7),(6,8)

Three quarter sibs, both parent A and grandparent B common
Ni=i',j=j =1l only A and C subscripts alike  Cyy.c (1,5),(2,6),(3,7),(4,8)

Three quarter sibs, both parent A and grandparent C common
4yi=i',j=j 1+l only A subscripts alike Cy 1,7),(2,8),(3,5),(4,6)

Half sibs, parent A common

SYizi',j=j1=1I only B and C subscripts alike ~ Cgg- (1,2),(3,4),(5,6),(7,8)

Half sibs, parent from BC common

6)i=i',j=j" 1=+l only B subscripts alike Cp (1,4),(2,3),(5,8),(6,7)
Cousins, grandparent B common
Ni+i',j=j,1=1' only C subscripts alike C.c (1,6),(2,5),(3,8),4,7)

Cousins, grandparent C common
yizi,j=j l#l no subscripts alike None
*Each ( X, Y) couplet gives the cross number in which individual X occurs and the cross number in which
individual Y occurs. The cross numbers are given above in part (a) of Exercise 10.9 below the mating
diagram itself.

The two additional covariances given above are:
Cs4cc Three quarter sibs, both parent A and grandparent C common
C.c  Cousins, grandparent C common



b. The expressions for two times the coefficient of coancestry (26yy) and the coefficient of dominance
coancestry (Jdqxy) for each of the seven distinct covariances of relatives are:

) Crysc
When both X and Y come from cross 1 as noted above, the pedigree is
R
Ai(B,Cy) Ai(B,Cy)
1 : . ;
Oxy _Z(e/h/h + 29A1(BIC1) + 9(31C1 )(31C1)) see equations (4.1) and (9.83); Section 9.3.2, pp. 9.42 to 9.52
+ FA 1+ FB C
1 1 141
= +2(0)+ ——
20— J
2+ F, +Fpe
8
2+ F4+0
8
1+ F
where 6,,,, = 4
1+ FBC 1

Op=—"7 =2
Note: Fgc =0,because B and C sets are unrelated to each other.
Then by taking two times the above expression for @yy , we obtain

2+F +F, 2+F 2+F .
26’Xyz2( * A8+ Bcj:[ +4AJ: Tl See also full sibs in Table 9.5, p. 9.52.

4
Or, alternatively, from equation (9.83)
1+ FA 1+ FBC
emm+0ﬁ‘ 2 + 2 2+FA+FBC 2+FA
2 2 4 4
From equation (9.82) the coefficient of dominance coancestry is

1+ F 1+ F 1+ F
Saxy Zemmeﬁ" :[ AJ( BCJZ 4

2 2 4

2) Cyy.p --calculated from equation (9.84)
(1) 1)?
205y =214 (1) (1 Fa)+ (L) (14 F)

=(1)2(1+F )+(1)4(1+F )
2 477\ 2 B
_A+4F, +1+ Fp

- 16

_S5+4F + Fp

- 16
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Ogxy calculated from equation (9.82) because the A side (male) is independent of the B side (female)

Thus, 6,,,, = I+ Fy

0, =(§)3(1+F3)
1+2FA(é)3(1+FB)
:(;)4(1+FA)(1+FB)
(1+ F4)(1+ Fg)
16

Odxy = gmm‘gﬁ =

3) Cyyoc (by analogy with (2) above)
S+4F + F¢
16

(1+FA)(1+FC)
Saxy = T

29XY =

4 Coa
26%y = 2{(%)3 (1+F, )} =

3
Saxy =OmmOy =(5) (14 £4)(0)=0

1+FA

5) CSBC
205y = 2{(%)3 (1+ FBC)} Fge =0
-4
_1
4
Saxy = Ommby = o(%)3 =0
6) CcB
205y = 2{(%)5 (1+ Fg )}

=(8)' ()
1+ Fp
C 16

3
Saxy =OmmOy =0(L) (1+ F5)=0
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7) C.c (byanalogy with (6) above)

1+FC
20y~ =
XY = ¢
é‘dXY =0
Summary
20xy Saxy
2+Fy 1+ Fy
D) Cryse 1 1
” 5+4F, +Fy (1+ Fy4)(1+ Fg)
) Csacn 1 T
3 5+4F, + Fe (1+Fy)(1+Fc)
) Csacc 16 T
1+ F
4) C,, % 0
5) Cspe T 0
1+ F,
6) C.p TB 0
1+ F,
7) C.c 160 0
C.

+4F +Fp  S5+4F +F
Csuc =Csacc because ZHXY = 5 A B _ A C

16 16
1+ Fy ) (1+F; I+ F )1+ F
and oxy = ( Al)é 5) = ( Al)g ¢ ) , if B and C are equally inbred
1+Fp 1+F
C.g =C.c because 20y = -:—63 = +1—6C, if B and C are equally inbred

d. five

e. four In addition to the equivalences of those covariances of relatives given in part (¢) above,
1+ FA 1

C,y =Cypc inthat 20yy for C 4 = 1 4 which equals 268yy for C;p when F; =0.

In addition, C,5 = C,c =1 when Fjg = F¢. = 0.

f. To determine what each of the covariances of relatives is equal to in terms of design components, we
first write the three-factor factorial model for individual X

Xtk = 1+ 4+ B + (AB)Z.J. +C + (Ac)ﬂ +(BC)ﬂ + (ABC)Z.J.Z + ik

and then likewise for individual Y
Yo = p+ Ay + By +(AB) .+ Cp +(AC) y +(BC) yp +(ABC) oy + &y
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Then we translate each of the covariances of relatives into design components as follows:
1) The covariance between X and Y wheni=i',j=j',[=1',k # k' is equal to

2 2 2 2 2 2 2

CfA(BC ZC(X,Y)ZUA +O0p+t0Oyyp+O0Cc tO 40 +OgCc +O4BC

2) The covariance between X and Y when i =i', j = j',/ #[' is equal to

2 2 2

Couep =C(X,Y)=04+05+043

3) The covariance between X and Y when i ={', j # j',[ =1' is equal to
CSACC C(X Y) O-A+O-C+O-AC

4) The covariance between X and Y when i =", j # j',l #[' is equal to
Coy=C(X,Y)=07

5) The covariance between X and Y when i #i', j = j',/ =1' is equal to
CSBC C(X Y) Op +O'%+012.}C

6) The covariance between X and Y when i #i', j = j',[ #1' is equal to

Cp=C(X.Y)=
7) The covariance between X and Y when i #i', j = j',[ =1" is equal to
Coo=C(X,Y)=0¢

g. To determine what each design variance component is equal to in terms of covariances of relatives, we
first write out what each covariance of relative is equal to in terms of design variance components as follows:

0l +0F+0G+04p +04c +Ohe +0qpc = Crusc
o} +0p +0ls =Csacn
O-,%I + O%' + O-,%IC = %s4cC
o /%1 = L4
oh+o % to zzac =CsBC
O-I% =%¢B
U% =%cC
Solving the system of equations for each variance component, we obtain
=Cy
6123 = CcB
2 =Cec

o35 = Csuen —Coq —Cep
o =Cotec = Cog — Coc
GBC C CcB - CcC

2
o48c =CraBc —CsacB —Csucc —Cspc + Cop +Cep + Cec

h. Each design variance component is equal to the following genetic variances:



e :(1+4FA )ai +(1+4FA T o, +[1+4FA ]3 =y
2 1+Fg) 2 1+ Fp 2 ) 1+ Fp 3 )
OB Cc3=( T: j@ﬁ( T: ]O'AA‘*‘( T jO'AAA
) 1+F-) 2 (1+F-V 5 (1+FY ,
oc CcC:( 16 ]@H( T jUAA"'( T ]UAAA

o35 = Coucn — Ca
5+4F,+ F
_ A+ttp o

- CcB

16
o

S+4F +Fp
16
!

S+4F +Fp
16

1+FA

1+ Fp
16

&
&

)2
]30
el
il

1+ F, )1+ F
JF(JFA)(JFB)GlzD

16
54+4F +F,
J{ talytrp
N S5+4F + Fg
16

(1+Fy)(1+Fg) »

o +
16 AD
j2
1+ F

16 (
(1+F4)(1+Fg) 5
Joieo(5)
1+ F

O 44D
3
n B
)
_1+FB 2

(1+F4)(1+ Fp)
16

2

2
044

opD

| T

2
AAA

1+FA
4

1+ Fp
16

2

2
O 44

O 444

1+FA

{ +4FA +Fg

+

}G +(1+FA)(1+FB)G%
4 16

1+FA 2

(5+4FA+FBJ _(

4 AA

2]

)(1+Fp)

+

5+4F, +FBJ[(1+FA

16
(1+F,)(1+F3)Y
jUiD +[ A16 4 ] 01231)

1+FA 1+FB

2

+

5+4FA+FBJ3_(

16
3
- +
4j (16 Ad4

Ik

|
|
1
|

5+4FA+FB)

(e}
16 AAD

[<1+FA)<1+FB)

|



14

i =Cotec — Cop = Cec
_5+4FA+FCO_2+(1+FA)(1+FC) )

6 A 6 P
2
N 5+41?é+FC]2631 +(5+4};2+FCj(1+FA1)21+Fc)UiD+((1+FA3£1+Fc)j -

S+4F +Fe ) 5+4FA+FC o 1+FA 1+Fc) >
+ T 0444 + O 44D

[ 2 3
1+ F 2 1+ F 2 1+ F 2
- [ 4AJO'A+( 4AJ O'AA"'( 4A] UAAA]

i 2 3
) (1+ch6§+(1+¢} G§A+[1+FC GiAA]
6

16

:[5+4FA+FC 1+Fy _1+FC}O_31+(1+FA)(1+FC) )

o
16 4 16
5+aF+F Y (1+F (1+F- V|
+ - - 044
16 4 16

o o
16 AD 16 DD

S+4F +F Y (1+F,Y (14F:Y | »
+ - - 0444+
16 4 16

S+4F, + Fo \((1+F,)(1+F)) 5
16 O 44D

5+4FA+FCJL(1+FA1)£1+FC)J ) +[(1+FA)(1+FC)]2 )

i 2 3
1+FC 2 1+FC 2 1+FC 2
- o+ o + (o2
( 16 j A ( 16 ) AA 16 AAA

2
048¢ =CraBc = CsaeB = Csacc =Cspe +Csq +Cep + Coc



+

2+ Fy 0_124+(1+FA)012)

15

SRR o (9 F)(HFe)

S+4F +F

S+4F, + Fe 2

4 4
2 2
2+FA 2 2+FA (1+FA) 2 (1+FA) 2
+ oyt oypt—| o
( 4 J 44 ( 4 ) 4 AD 4 DD
2+FA 3 2 2+FA 2(1+FA) 2
+ O 444t 4 4 O 44D
5+ 4F 1+ F,)(1+F
+ A+FBG2+( 21)( B)Gz
16 16
2
5+4F,+ F, 5+4F,+ F, 1+ F )1+ F
N +ary+rlp aﬁA+ + A+B( A)( B)U/szr
16 16
S+4F,+Fg ) o (S+4F +Fg Y (14 F)(1+Fg)
+ 16 O 444t 16 16 O 44D

(1+F4)(1+Fc) 5

16 16
2
+( ] O44+ j

S+4F +F

16

S+4F, + Fo

|

(o} +
16 AD

2(1+Fy)(

(
)3 UZIAA}

2
1+FA) Giﬂ

()

4

3
2
+ o +
I [ j AAA 16
O'iA'F

'
[

4

+
4

i. Substituting F, =1,Fp %,

J

(1+F)(

[(1+FA1)21+FB)J2

16

1+FC)T

2
opD

2
ODD

and F~ =0 in (h) above, one obtains (algebra omitted):
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0512% 31 %GAAHI;UAAA

O} =350 T 15 Oaa + TR 7

O%’ :% 31 + 2;6 O-I%IA +moﬁAA

ClB =760D 35044 3 0AD F 93 ODD 2043 SNE 116038834 oD
olic =50 o + 16 160+ oF oip + 'y b + % oliaa+ 2%48 o44D
Che=3504 135 Caa * o5 o

CABC = 150D * 35004 + 515 04D + 33 TDD + Toag Oliaa+ 126837874 oD

An alternative way to obtain the above expressions is to evaluate 26y and o yy for each covariance of

relative given in part (b) for the above F values and substitute the numerical values in part (g) above. The values
for 20yy and J,yy for each covariance of relative are as follows:

2+FA 1+FA
D) Crye 1 =3 Tz%
) ¢ S+4F +Fy SHAO+] (1+FA)(1+FB)_(1+1)(1+%)_i
sAcB 16 16 32 16 16 16
X S+4F +Fe _5+40)+0 (1+F)(1+Fe)
) sAcC 16 16 _E 16 -8
1+F
4 C,, %:% 0
5) CsBC % 0
1
1+FB 1+§_ 3
6) Ces 16 16 32 0
1+ F, 1+0
7) CcC < :_Z% 0

16 16



17

_3.2.1.2.9 2 3 1 2 .27 2 9
Crasc =594+ §UD+16UAA+8UAD+40DD+640AAA+320AAD
19,2, 3,2, 361 52 57,2 . 9 2 . 6859 2 1,083 2
CsacB =3304 T 769D + 7024 044 t 313 94D T 356 ODD T 35 768 444 T 16,334 C AAD
_9 2.1 2 8 9 2 . 1 729 81
Cuacc 160A+8GD+2566AA+128‘7AD+64GDD+4096‘7AAA+2048‘7AAD
1.2 1.2
Coa =504+ 5044 T 50444
Cpc=Lct+Lloi,+Llo
SBC =49 AT 169 A4 " g4 @ AAA4
_3 2 9 2 27
Csp=3;0 +1024GAA+32768GAAA

Lo2s Lol 2
Csc =704 + 356044 +WUAAA

2 4 12,12 1.2
UA—CSA——UA+—UAA+§UAAA
2 9 2 27 2
=Cep = 320A+10240AA+32768‘7AAA
2 12 2
=Cec =15 A+256GAA+40966AAA

2
048 =Csycp —Csu —Cep

19 1 3 3 2 ,(361 1 9 7 2 9 2 6,859 1 27 2
(32 2 32)6A+160D+(1024 4 1024)GAA+5120AD+256UDD+(32768 g 32768)6/114/1
L1083 2
* 16,384 944D

3 2.3 2 .57 2 9 2 1712 108 2
169D 73,0441 51304D T 3569DD 13 0ag 0444 1 16334 0 44D

i =Cotec — Coq = Cec

(9 1 _1\-2.1.2 (8 _1_1\-2 .9 2 1.2 (79 1 __1\-2 g1 2
_( GA+80D+(256 4 256)‘7AA+1280AD+640DD+(4096 8 4,096)0AAA+2,0480AAD

—
@)}
[\S)
—_
(o)

~——

1 2,9 2 ] 27
89D 716944 T 184D T 54 &ODD s 512 Ohad + 30 2048 44D

—(1_3 _1\52_ (L__9 __1 )52 127 1 |52
_(4 32 16)O-A+(16 1,024 256)O-AA+(64 32,768 4,096)GAAA
3.2, 51 2 . 477 2
= 3204 T 1004944 F 33 763 0 444

2
o48c =CruBc —Csacr = Csuec = Cspe + Csu + Cep + Cec

—(3_19_9 _1.,1,3 _ 1 2 (L_i_l) 2
_(4 3216 4+2+32+16)0A+2 16" %)9D

9 _361 8 1,1, 9 , 1 2 (i_i_i) 2 (L_L_L) 2
+(16 1,024 256 16+4+1024+256)O-AA+ 8 512 128)94D T\4 " 256 64 )ODD

27 689 729 1 ,1 27 1 2 9 1,083 g1 2
+(64 32,768 4,096 64 T8 132,768 T 2 096)0AAA +(32 16,384 2,048)‘7AAD

3 2.3 2 . 9 s1 2 . 297 2877 2
169D t3;044 %513 TiD 35 256 °DD t 2048 a5 O A+ 1exg 16,384 944D
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Exercise 10.10.

a. The main reason for the regression coefficient being less than one is that the observed heights have an
environmental effect, i.e., P=G + E . The midparental means above the overall mean tend to have positive
environmental effects, i.e., those midparental means are higher on the average than their true genotypic values
because of positive environmental effects. Similarly the midparental means below the overall mean tend to have
negative environmental effects, i.e., those midparental means are lower on the average than their true genotypic
values because of negative environmental effects. That is, the phenotypic variance of the midparental value

(%G%) is greater than their genotypic variance (%aé) . The variance among the offspring families (being full-

sib families) which brings about a departure of the regression coefficient from zero is the additive variance only

among those full-sib families, namely, %aﬁ , 1.e., it is the covariance between midparental values and offspring

family means. Hence, the regression coefficient is

1.2 1.2
_ 294 _ 294

~ =
Lop %(0124+012) +oly +---+0125)

Thus, the regression coefficient is less than one because of the presence of 0'12) , 0/%1 4>+, and o% . Assuming that

those genetic variance components (0%,0124 4> ) are small compared to a% , one would say that the regression

coefficient is less than one primarily because of 0'%; .

The regression coefficient could be equal to one if only additive genetic variance was present (no
dominance or epistatic variance) and no environmental variance existed. In this situation all of the offspring
family means would fall on the regression line with a slope of one.

b. The regression coefficient involves genetics in that the numerator of the regression coefficient is equal
to the genetic covariance between offspring and midparent. That covariance is equal to

2Cov(P,0) = 2(%031 + %Gi 4+ ) = Gi + %ai 4 +---. Itis a measure of the genetic relation between midparent

and offspring. That covariance is the same as that genetic part in the denominator, if all genetic components other

than afl are equal to zero (012) = ai Y="= 0). In this case, if the environmental variance 012,; were also equal

to zero, then b would be one and only genetics would be involved. On the other hand, the regression coefficient
would involve only environment if no genetic variation existed. In this case, the regression coefficient would
always be equal to zero.

c. Galton would have found b less than one, which in this case is simply due to 01% . The regression

ol
2 b
oG +OF

coefficient is b = where O'é' is the genotypic variance of a fully inbred population.

Exercise 10.11.

a. The main criticism of Model 2 is that no replication or block term was included in the model. Since no
replication term was included in the model, then £ must include a plot-to-plot effect over the whole experimental
area in any location-year combination—not just a plot-to-plot effect within a block. The model with no
replication term would be correct for a multiple location-year experiment if a completely randomized design were
used in each location-year combination, but a completely randomized design is not commonly used (see my
heritability article, Critical Reviews in Plant Sciences 10:235-322, 1991, Section VI.A). What is most commonly
used is a randomized complete-block design in each location-year combination with many plants per plot or
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experimental unit. In that case, since no replication term was included in the model, the replication effect R
would have to be present in the error term £, namely,

E=R+g+zE
n

2
O r
o =oh o2 + 7L

where 0123 = block variance
ag = plot-to-plot variance within a block
G%;v = plant-to-plant environmental variance within a plot

In all of our discussion herein we assume that the plot value observed is the mean of n individual plants.

A better model would be one which includes a replication term R in the model, namely,
Yijgy =p+ L +Y; + LY + R(ij)k +Gp+ LGy +YG; + LYGy; + E(l.jkl)

ij
LE

n

where £ = ¢+

2

o

a% =0'82+—E
n

Yjjjy represents the phenotypic value P in that it is the value actually observed, but the total variance of
the model is not the phenotypic variance as the term is commonly used in plant quantitative genetics. The
phenotypic variance does not include the variances due to the macroenvironmental terms, L, ¥, LY, and R, but it
does include the interactions of the genotype or family with the macroenvironments. The reader is referred to my
heritability article, Critical Reviews in Plant Sciences 10:235-322, 1991, particularly Section IV.A for broad-
sense heritability and Section I'V.B for narrow-sense heritability. In fact, my heritability article (Sections II
through VI) discusses and clarifies many topics with respect to models that are not discussed any place in the
literature.

If Model 1 were related to Model 2, then Ej; in Model 1 would have to contain or absorb many terms in
Model 2. With only the G term common to both Models 1 and 2, then the £j; term in Model 1 would have to
include or absorb all remaining terms in Model 2. Model 1 with only two terms is a very simple elementary
model.

b. If G represents half-sib families instead of homozygous lines, we change all Gs to F's in both Models 1
and 2. The main difference now is that £ contains some genetic effect present within the plot whereas in part (a)
with homozygous lines £ contained only pure environmental effects. Again with no replication term specifically
given in the model, the replication effect R would have to be hidden or absorbed in the error term. Thus, we have

E=R+5+ZW
n

¥ GV +G L+ G Y +G LY + G R+ E)

=R+e+
n
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2
O
op=cp+or+-2L

S azw+o-2w +O'2w +0'2W +O'2w +o%r
—o2+o24-GC G"L __G"Y _G"LY _G"R

where 0123 = block variance

ag = plot-to-plot variance within a block

2 2 2 2 2 2 2 . -
oy =0__+0" +0 +0° +4+0° +op = total plant-to-plant variance within a plot
W= e T e Toy Tevy T CGRE P P P
2 3. 2. 2 .15 2 2 2 B . . o . .
O =304+t OD g0+ 04p +Opp ++ = genetic variance within a half-sib family
0(2; wy = interaction between genetic effects within a half-sib family and locations
Gé wy = interaction between genetic effects within a half-sib family and years
oé wry = interaction between genetic effects within a half-sib family and locations and years
2

w

O wp = interaction between genetic effects within a half-sib family and replications

0'%;/ = plant-to-plant environmental variance within a plot

Note that the variation among plants within a plot (O‘VZV) is composed of three major sources: 1) the genetic

variation within a half-sib family, 2) the interactions of genetic effects within a family by the macroenvironment
terms, locations, years, location-by-years, and replications, and 3) the pure plant-to-plant environment variance
with a plot. This is discussed particularly in my 1991 heritability article (see Section VI.C.1.a).

Again a better model would be one which includes a replication term R in the model in which case the £
term would have the R effect deleted from the sum of three terms shown above.

c. If genotypes represent different strains within a breed, the model would be most similar to that in (b)
above since there would be genetic variation within strains. However, there would usually be no balanced
repetition of the whole experiment in different locations and years. In addition, a major distinction between
animal experimentation and plant experimentation is that the single pure environmental error effect in animal
experimentation is commonly partitioned into two pure environmental sources in plant experimentation: 1) plot-
to-plot effect within a block and 2) position-to-position effect within a plot. That is,

E=¢+E"
where E = the pure environmental effect in animal experimentation
& = plot-to-plot effect within a block or replication in plant experimentation
E" = plant position-to-plant position within a plot in plant experimentation
This is discussed in my 1991 heritability article in Section VL.B.

Exercise 10.12.
a.i. The model for Set 1 is (see Section 10.1.1, 2, pp. 10.14 to 10.15)

_ m f mpf
Gy =+ A" + B! +(A B ),y+%f')k
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where 4" = effect of ith individual in set A used as a male parent,

Bf = effect of jth individual in set B used as a female parent, and

Wiiji = genetic effect of kth individual within jjth full-sib family.

a.ii. The derivations of the possible kinds of covariances for Set 1 are given below, showing the details of
the derivation for the covariance of an individual with itself.
i=i,j=j"k=k" (individual with itself)

€, = B{Gi )G 1)
E{A,m +B Ame )i‘ +W(ij)k}{14;" +B~J’f +(Ame)i'j' +W(i'j')k,}

—E(Am AT ) AlmB-j/.[,)+E(Al-m(Ame)iyJ+E(AlmW(i:j:)kr)

J
+E( (478 Al ]+E[(A'”Bf)“B}fjJrE[(Ame) (Ame)’.’j+E((Ame)”VI/(l-/j/)ka
ij ij i ij

+E (W(y)kA' )+ E (W(,,)ka ) +E (Woj)k (Ame ),j,] + E(WeWiapw)

2

£(
+E(B A )+E(BfBJf)+E[Bf(A’”Bf)w}E(B{W(,j')k/)
ij

+O+O+O+O+a +O+O+0+O+ai3+0+0+0+0+aﬁ

B/

_ 2 2 2 2
—O'Am +GBf +GAme + oy

i=i'j=jk%k

2 2 2
CfszaAm +0°, +0

B/ T amB/
i=i,j#]
Cpszoim
i#i,j=]
Cmszazf

b.i. The model for Set 2 is

(@k=y+Bﬁ+v¥ﬁ«BmAijJnmk

b.ii. The possible kinds of covariances for Set 2 are
i=i,j=j' k=k" (individual with itself)

) 2 2 2
Ci=0", +0'Af +O-B’”Af +ojy
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i=i,j=jk#k'

Cfs =0'§m +O-124f +O'§mAf
i=i,j#]

Cps:O';m

izl j=j

C,us =ij

c.i. The model for an individual observation within a plot for Set 1 is
_ f .
Yju=p+ A" +B] + (A’"Bf )y + R+ 850 + Wiy + By
izla'”’a; j:L'”,b; k:L”'ar; 121,“',71
where E(ijk) = random effect of ijth plot or experimental unit in the kth replication, and

E(ijk) ; = pure environmental effect of /th individual in ijth full-sib family in the kth replication
c.ii. The analysis of variance for Set 1 is
Source df Expected mean square
Blocks r-1 Gfm + O'VzV + nag + abnoyzg
Among A parents a-1 0% + O'VzV + nag + rnaiB + brnajm
Among B parents b-1 Gfp + apzy + nag + rnafw + arnozf
AxB (a-1)(b-1) O'%Jra%/ +n0'§+rn0'ﬁ3
Experimental error (r-1)(ab-1) 0% + O'VzV + nag
Individuals/plots rab(n—1) oF + oy

c.iii. The composition of each variance component for Set 1 is

2 _

o =C\ys
2

O'Bf =Cs

2 2 2
o48=Cy ~O0 Oy =Cr =Cps —Cyys
0'123 = no genetic component
02

-z = No genetic component

ojy =C;—Cy

0]% = no genetic component

d.i. The model for an individual observation within a plot for Set 2 is
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Yy =p+ B + 4] +(B'”Af)

i
izla'”’b; j:1,"‘,a; k:L”'ar; 121,“',71
where Eijk) = random effect of ijth plot or experimental unit in the kth replication, and

E(ijk) ; = pure environmental effect of /th individual in ijth full-sib family in the kth replication
d.ii. The analysis of variance for Set 2 is
Source df Expected mean square
Blocks r-1 0'125 + O'VZV + noﬁ + abna}e
Among B parents b-1 012; + 0;,2;/ + nag + rnalng + arnazm
Among A parents a-1 012; + 0;,2;/ + nag + rnalng + brnajf
Bx A (b—l)(a—l) ‘712:“+UI/2V +nag+rn0123A
Experimental error (r-1)(ab-1)  oF +ojy +no;
Individuals/plots rab(n—-1) 0125 + O'VZV

d.iii. The composition of each variance component for Set 2 is

2 _
GB’” —Cps
2
GAf =Cps

op4=Cy —azm —ajf =Cf = Cpy—Cg
0'123 = no genetic component

ag = no genetic component

ojy =C;—Cy

0% = no genetic component

Froma.i: Gy =+ A" + B/ +(A’”Bf)._ + Wiy (Set1=AB)
ij

+ VV(i'j')k’ (Set 2= BA)

ot ot

Fromb.i: Gy = p+ B + A}f +(BmAf )U

i=j.j=i

Crf =0 ymyr *Opspn+ 0( amaf )(B’"Af )
where o = covariance

i=j,j#i

Crh = O-A'"Af
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iij’,j=i,
Crh :O-Bme

f.  Since cell or plot means are used, the model for Set 1 becomes

Yig = p+ 4" +ij +(Ame)ij+Rk +‘9lijk)
i:l’...’a; j:l,...,b; k:lj...’r;

and that for Set 2 becomes

Vor =+ B+ AL +(B" 4/ )i,j, + R+ 8{)

! !

I'=1,-,b; J=hea K =1
The analysis of covariance between Set 1 and Set 2 is

Source df Expected mean cross product
Blocks r-1 oy +abop

Among A parents a-1 o+ ra(Ame )(B’"Af) +br0(AmAf)
Among B parents b-1 oy + VO'(Ame )(B’”Af) + CZI"G(Bme)
AxB (a=1)(b-1) Ug’+rO'(Ame)(BmAf)
Experimental error (r-1)(ab-1) oy

where o, =0 (i.e., the covariance between any two random plots equals zero
because the 2ab entries were randomized within each block and a different

set of plants was present in every plot)

g. Each covariance component in (f) is equal to the following covariances between relatives:
O(4nar) = Crn

O-(Bme) = Crh

U(Ame )(B'"Af ) =Cof =0 ynyr ~Opspm

=Cyp =Cop = Cpy = Cpp = 2Cy,

Exercise 10.13.
Part 1.
I.a.i. The model is
i=-,r(=2); j=1,--,5(=200) k=12(=c¢)
where R; = effect of ith replication or block,

S; = effect of jth set composed of two different three-way crosses involving the same three parents,
Cijy = effect of kth three-way crosses within jth set
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I.a.ii and iii.

df Expected mean squares
Blocks r—1 1
Entries e—1 399
Among sets s—1 199 M, 0.92 + rca§
Between crosses/sets  s(c— 1) 200 M, 0.92 + ra%
Error (t—1)e—1) 399 M; o2
An assumption made is that C( n= —C( he foreveryj=1, ..., 200, and hence aé does not carry up into that
among sets.
J Con + Gy
1 Cay + Cup =0
2 C(z)l + C(Z)Z =
3 Con + Cop =
200
#0 #0

The Cjc sum to zero row-wise but not column-wise. Hence they are like the interaction between a random and a

fixed factor. Thus, the variance is written as o% and not as a fixed variance. This is similar to the assumption

that 7;; = —r;; in a combining ability analysis and that arz does not carry up into the specific combining ability in
a diallel analysis per Griffing (1956).

La.iv. The component among sets ag is equal to
2
Cov(X,Y)=20yy +(20xy )’ oG+ =2- 505 +(2- ) ody+-

Notice that X is a random individual in one three-way cross, and Y is a random individual in the other three-way
cross. Hence, the covariance is equal to variance among set means. It is similar to the covariance between X and
Y in the half-sib or full-sib family case. In either of the half-sib or full-sib case, X and Y are random individuals
within a family, and the covariance between X and Y equals the variance among family means. See equations
(10.25) and (10.26).

The estimate of the component is

U’\g Z(Ml —M3)/I"C=(M1 —M3)/}’2

I.b.i. An alternative model is

i)

i=1-,r(=2); j=1:-,5(=200)
where Y;; = mean of two three-way crosses within the jth set
This model assumes that “each plot or experimental unit consisted of a large number of individuals” so that
genetic sampling within a three-way crosses can be ignored. Hopefully the set component in the two models
would be equal so that the same quantity is estimated in both models.
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I.b.ii and iii.

df Expected mean square
Blocks r—1 1
Sets s—1 199 M, ol+rod
Error (t—1)s—1) 199 M, o2

Lb.iv. The component among sets afw is equal to

.

2€XY6124 +(29XY)20-124A +---=2 30

2
2 5 2
oy +(2- 32) O+
and is the same as that in Part I(a)iv

The estimate of the component is
GA% :(Ml —MQ)/I’

Part II.

II.a.i. The model is
Yl-j =u+R; +Sj +C(j)k +€(ijk)

i=1-,r(=2); j=L--,5(=200); k=1,2(=c)
If we assume that individual B in Figure 27A, p. 4.112, was the male parent used in both single crosses, we can
rewrite the model as
Yl-j =u+R; +Mj +F(j)k +€(z’jk)

i=1-,r(=2); j=L--,m(=200); k=12(=/)

D(=X) E(=Y)

Notice that D and E are half sibs; D lies in one full-sib family and E lies in another nonindependent full-sib
family.

II.a.ii and iii.

df Expected mean squares
Blocks r—1 1
Entries e—1 399
Among males m-1 199 M, 0.92 + ralzr + rcoy%/[
Between females/males m(f—1) 200 M, 0'3 + rO'IZ:
Error (r—1)e—1) 399 M, o2

It is a nested or B/A or North Carolina Design I. Similar restrictions to those in Part I.a.iii do not apply here for
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ILa.iv.
o3 = Cov(HS)
o % = Cov(FS)—Cov(HS)

II.b.i. An alternative model is

Y :,u+Rl~+Mj+g(

i)
i=1--,r(=2); j=1---,m(=200)
where Yj; is the mean of two full-sib families with the same male parent.
Assuming the same layout and data from Part I1.a were used, the model implies that the mean of the two
nonindependent full-sib families was calculated within each replication and the analysis performed on the means.

IL.b.ii and iii.

df Expected mean squares
Blocks r—1 1
Males m-—1 199 M, 052 + raj%/[
Error (r—1)(m— 1) 199 M, o2

IL.b.iv. Although statisticians would often rewrite the model as given in I1.b.i and label the treatment
component as a]%,[ , the same as in Il.a, it should be understood that the component in IL.b does not estimate the

same quantity as in Il.a. To determine what aj%,, estimates in IL.b in terms of the model in Il.a, we need to

multiple the degrees of freedom for males and females within males by the corresponding expected mean squares
to obtain the corresponding expected sum of squares, add the two expected sums of squares together, and divide
by the sum of the two degrees of freedom to obtain what the male source in IL.b.ii and iii is equal to terms of the
model in Il.a.

Exercise 10.14.

2 01,21 .2 _ 19 _ 11 _37 _
a. GHS_4O-A+ O-AA_416_’_1616_256_0'1445312

2o=1loi+lod 1 152 412 19 10 11 11,11 _38 _
b s =304+ 4OD 4 Oaa gD 16944 =316 432 T 416 TR 16 T 1664 ~doaa 03739766

c. Half-sib families:
ois = Loh+ (1427 )ods =1 +%(1+(0.6)2)%:%i+l(l.36)l:—37‘36 =0.1459375

4 416 16 ' 16 16~ 25
Total effect of linkage upon half-sib variance component is
37.36 _ 37.0
256 = 236~ 036~ 0,0097297 or 0.97297% increase . Thus, the total effect of linkage upon the half-sib
256

covariance component was a little less than 1% increase. Linkage had no effect upon the additive variance
component, but increased the coefficient of the O'iA variance component by 36%, namely,

4% 1 1+42 1
1616 __16 16 _ 22 _( 34

1 1

16 16

or 36% increase .
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Full-sib families
2
a%g=%aﬁ+%a%+%@+%ﬂﬂoiA+%@+AﬁoﬁD+i%o+iﬂ c3p

2
2 2 2
12 %%+%(1+%(0.6) )%+%(1+(0.6) )%+%(1+(0.6) ) L

2
9, 9 118,136, (136)" 3916096 _
=3 8t s T8 T 1004 = doo4 03824312

Total effect of linkage upon full-sib variance component is

391.6096 _ 385

102438 : 1024 _ 66096 - 0.0171678 or 1.71678% increase . Thus, the total effect of linkage upon the full-sib
1024

covariance component was nearly a 2% increase. Linkage had no effect upon the additive and dominance
variance components. Linkage affected all of the three epistatic variance components. We compare the above
expressions enclosed in parentheses for the full-sib variance component with one itself for no linkage.

1+1 42
Additive-by-additive: 2 1+ %(0.6)2 =1.18 or 18% increase in the additive-by-additive component

Additive-by-dominance:
1+ 42

=1+ (0.6)2 =14+0.36 or 36% increase in the additive-by-dominance component
Dominance-by-dominance:
2 2
(1 +4 )

" = (1 .36)2 =1.8496 or 85% increase in the dominance-by-dominance compound

d. Yes, the F, population would be in linkage equilibrium, because independence between loci was
assumed [see equations (3.102) and (3.103)].

e. No, the F, population would not be in linkage equilibrium, because independence between loci was no
longer assumed [see equations (3.102) and (3.103)].



